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Abstract
Heart valves are functionally complex, making surgical repair difficult.
Simulation-based surgical planning could facilitate repair, but current finite
element (FE) studies are prohibitively slow for rapid, clinically-oriented
simulations. An anisotropic, nonlinear mass-spring (M-S) model is presented to
approximate the membrane behavior of heart valve leaflet tissue, and it is coupled
with a fast method for simulating valve dynamics. An efficient FE model is also
described for simulating valve leaflets. The speed-accuracy tradeoff between the
FE and M-S models is quantified so that the strength of each method can be
leveraged where appropriate. The FE model is applied to study a generalized
aortic valve repair technique that incorporates graft material into the native valve,
where the graft has significantly different mechanical properties than native
leaflets. Results show that the graft must be larger than the native leaflets and
predicts optimal graft height and width. The M-S method is applied to fully
image-based models of the mitral valve to simulate valve closure and loading for
fast applications like intraoperative surgical planning. This model is used to
simulate a technique used in valve repair and to assess the importance of chordae
in determining the closed configuration of the valve. Direct image-based
comparison was used for validation. Results of M-S model simulations showed
that it is possible to build fully image-based models of the mitral valve and to
rapidly simulate closure with sub-millimeter accuracy. Chordae, which are
presently difficult to image, are shown to be strong determinants of the closed
valve shape.
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Simulating heart valve mechanical behavior
for planning surgical repair
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1 Introduction
Serious heart valve disease affects 1 in 40 adults in the United States [1], and
surgeons perform approximately 100,000 heart valve operations per year in the
U.S. [2]. The consensus has been growing that valves should be repaired rather
than replaced with prosthetics whenever possible [3], [4]. However valve
reconstruction is technically difficult and outcomes are highly dependent upon the
experience of the surgeon [5]. Consequently, small centers often do not
accumulate sufficient experience with valve repair to apply the techniques as
widely as do large centers that have surgeons specializing in valve repair [6].

One of the main difficulties of valve repair is that valve tissues must be
surgically altered during open heart surgery such that the valve opens and closes
effectively after the heart is closed and blood flow is restored. In order to do this
successfully, the surgeon must essentially predict the displacement and
deformation of geometrically and biomechanically complex valve leaflets and the
structures to which they attach. While difficult for humans, this task is well suited
for computers. A computer based surgical planning system could potentially
extract relevant valve anatomy from pre- or intra-operative medical images and
use it to create a computational mesh. This mesh could then be modified by the
surgeon through a graphical interface to test potential surgical repair options.
Adequacy of a given surgical repair option could then be assessed by using
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computational modeling methods to simulate the opening and closing of the valve
under typical physiological conditions (Fig. 1).

Figure 1.1 Simulation-based surgical planning system for heart valve repair.

Computational modeling based on the finite element (FE) method is a powerful
numerical approach for structural analysis. It has seen widespread use in the
design of manufactured parts, and it is this application that has largely driven the
development of FE software. Current commercial FE analysis programs are very
good at meshing parts from computer-aided design specifications and estimating
strain and stress fields throughout the mesh. Most manufactured parts are made
from materials that undergo small strains under normal operating conditions, and
the dimensions of the parts are typically known to a high degree of precision.
Consequently, analysis methods have evolved to estimate stress and strain fields
with high precision. This emphasis on precision comes at the expense of
computation time, which is often quite large for analysis of complex structures.
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Computational methods have been applied to study both the mitral and aortic
valves. These studies have provided insights into the function of normal and
diseased valves and have been used to assess prosthetic valves as well as surgical
repair techniques. Most of these analyses have relied on commercial FE analysis
software and have been subject to two main limitations imposed by the software.
First, generic and idealized models of valve geometry have been assumed in order
to use commercial mesh generation software designed primarily for parts that can
be expressed using analytically specified shapes, such as manufactured parts.
Second, simulations require long computation times, reflecting the prioritization
of precision and accuracy over computation time. Both of these limitations
preclude the direct application of these simulation methods for surgical planning
applications where patient-specific valve geometry and fast computation times are
essential.

Two surgical planning paradigms guide this work. Pre-operative surgical
planning involves running such simulations prior to surgery based on images
acquired during a pre-operative hospital visit. Intra-operative surgical planning
entails running simulations in the operating room during the heart valve repair
surgery, with the ability to incorporate valve dimensions or other information
acquired through direct visual or manual access to the valve during surgery. This
approach imposes stricter requirements on simulation time, since simulations
must be run during time-sensitive surgical cases. However, even pre-operative
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surgical planning implies limits on computation time, as there is a practical limit
to how much time a busy surgeon can spend interacting with a computer model.

The goal of this thesis is to design and develop computer-based tools for
simulation of heart valve closure for use in planning surgical repair. There are
three fundamental requirements for the simulation environment. Modeling
methods must (1) accommodate description of valve anatomy by medical images,
(2) incorporate large deformation and biomechanically complex behavior of valve
tissues, and (3) operate within speed and accuracy ranges appropriate for the
application. In order to meet these requirements, I have developed methodologies
for pressurizing and imaging heart valves along with software for producing
computational meshes from these images. I then developed software for rapidly
simulating the dynamics of the meshes, implementing both a FE method of
computing material deformation and a mass-spring (M-S) model, a faster but
more approximate method based on techniques used in computer graphics. I then
used these methods to simulate the closing and loading of aortic and mitral valves
and techniques for their repair.

In Chapter 2, I describe the function and diseased states of the mitral and aortic
valves and discuss surgical options for treatment. I also survey prior work in
computational modeling of each valve. In Chapter 3, I present an M-S model to
approximate the nonlinear and anisotropic mechanical behavior of heart valve
leaflet tissue. An efficient FE membrane model is also described, and the two
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models are compared in terms of speed and accuracy. In Chapter 4, I use the FE
membrane model described in Chapter 3 to provide general guidelines for sizing
graft material for aortic valve repair. In Chapter 5, I describe a method for
developing fully image based computational meshes of the mitral valve, and I use
the meshes to study fundamental requirements for predictive modeling of the
valve, including the role of chordae and the sensitivity of simulation results to
parameters describing model geometry and tissue behavior. A simple surgical
repair, replacing a native chord with a synthetic one and varying its length, is then
simulated, and simulation results are validated by directly comparing the
predicted closed valve surface to images of the closed valve after performing the
same repair on a mitral valve of an isolated heart. In Chapter 6, I conclude and
discuss future directions for this work.

6

2 Background
2.1 Overview of heart valves
The mammalian heart is essentially two pulsatile pumps operating in synch,
side by side, in the same organ (Fig. 2.1). The ventricles, one on the left and one
on the right side of the heart, have thick muscular walls that cyclically contract
and relax to create pressure gradients throughout the circulatory system. Heart
valves, opened and closed by these pressure gradients, control the direction of
blood flow through the heart. Both right and left ventricles have an inlet valve, or
atrioventricular valve, which opens to allow the ventricle to fill and then closes as
the ventricle contracts so that the blood must leave via a different route. Both
ventricles also have an outflow valve, or semilunar valve, which opens to allow
ejected blood to leave the ventricle, then closes to maintain pressure downstream
in the outflow vessel while the ventricle relaxes and refills. The two pumps
maintain blood circulation, with the right heart pumping deoxygenated systemic
blood to the lungs and the left heart pumping the oxygenated blood returning from
the lungs out to the systemic circulation.
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Figure 2.1 Blood flow through the heart. Oxygenated blood (shown in red)
returns from the lungs to the left atrium (LA) after which it passes through
the mitral valve into the left ventricle (LV). The LV pumps the blood through
the aortic valve to perfuse the systemic circulation. Deoxygenated blood
(shown in blue) returns from the systemic circulation to the right atrium
(RA) after which it passes through the tricuspid valve into the right ventricle
(RV). The RV pumps deoxygenated blood through the pulmonary valve to the
lungs.

The atrioventricular valves are structurally somewhat different than the
semilunar valves. Each atrioventricular valve consists of an irregular ring of
membranous tissue that attaches to the heart wall over a ring-shaped region called
the annulus (Fig 2.2). Distinct lobes of this membranous tissue are referred to as
leaflets. The free edges of the leaflets are tethered by thin tendons, the chordae
tendineae, to the papillary muscles, which are specialized muscles on the inside of
the ventricle wall. The right atrioventricular valve is called the tricuspid valve,
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Figure 2.2 Major structures of an atrioventricular valve include the leaflets,
annulus, chordae tendineae, and papillary muscles.

with the name reflecting the three-leaflet structure. The left atrioventricular valve
is called the mitral valve because the two-leaflet structure resembles a miter, a
type of headgear worn by Catholic bishops. The semilunar valves each consist of
three half-moon-shaped leaflets that attach to the walls of their respective outflow
vessels (Fig. 2.3). The region at which two adjacent leaflets join and meet the
vessel wall is called a commissure. Semilunar valves lack the tethering chordae of
the atrioventricular valves, instead gaining support from their coronet-shaped
curve of attachment to the outflow vessel. The left semilunar valve is called the
aortic valve, reflecting its location in the ascending aorta, and the right semilunar
valve is called the pulmonary valve, taking its name from pulmo, the Latin word
for lung.
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Figure 2.3 A semilunar valve shown (A) by axially cutting outflow vessel
between two leaflets and unrolling, (B) from top view of transverse section of
outflow vessel distal to the open valve, and (C) from top view of transverse
section of outflow vessel distal to the closed valve.
An important difference between the right and left hearts is that the left heart
typically achieves a peak pressure over the cardiac cycle that is about six times
that of the right. Consequently, the two valves on the left side of the heart are
subject to much higher loads than those on the right heart. In fact, the majority of
valve disease involves the valves of the left heart [7],[8],[9]. For this reason, only
the valves of the left heart, the mitral and aortic valves, are considered in the
remainder of this work.

2.2 The mitral valve
2.2.1 Structure and function of the normal valve
The ring of tissue comprising the mitral valve leaflets is generally considered
to consist of two leaflets, the anterior and posterior (Fig. 2.4). The anterior leaflet
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typically consists of a single broad lobe whose ventricular surface (underside)
forms part of the LV outflow tract. The remainder of the leaflet ring is called the
posterior leaflet and typically consists of 3 or more distinct lobes, the largest of
which opposes the anterior leaflet. The leaflets contain preferentially oriented
collagen fibers that impart anisotropic behavior to the tissue [10]. Furthermore,
the collagen fibers have a crimped structure which makes the fibers relatively
distensible under small stresses, as the crimp “straightens”. Higher levels of stress
cause the fibers to fully extend and result in an abrupt stiffening of the fibers. This
gives the leaflets a nonlinear stress-strain relationship [10].

The branching network of chordae tendineae plays a crucial role in valve
function. Chordae that connect the free edges of the leaflets to the papillary
muscles are referred to as primary chordae, and their main role is to tether the
leaflets to prevent their buckling upward toward the left atrium as pressure across
the valve rises. Chordae also tether the ventricular surface of the leaflets to the
papillary muscles. These are referred to as secondary chordae, and they have been
reported to play a role in determining LV shape and function [11] [12]. Two
secondary chordae of the anterior leaflet, referred to as strut chords, have the
largest cross section of all the chordae and have been reported to play a role in
forming flow channels during LV filling and ejection and to prevent the anterior
leaflet from blocking the outflow tract during systole [13].
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The papillary muscles anchor the chordae tendineae to the LV wall. It has been
hypothesized that they play a role in the dynamics of valve closure and in cardiac
function, although studies of the timing and magnitude of their contraction have
shown contradictory results [14]. It is generally agreed that they contract during
systole, and this might serve to take up slack in the chordae as the ventricle
shortens axially during systole, keeping the surface of the closed valve from
prolapsing into the left atrium [15].

Proper function of the mitral valve depends on complex interaction among the
leaflets, chordae, papillary muscles and LV. During diastole, the LV fills with
blood, passively dilating the ventricle and the annulus. Toward the end of the
ventricular filling phase, the blood passing through the mitral valve decelerates
causing a pressure gradient that acts to close the mitral valve [16]. The LV wall
contracts during ventricular systole, causing a sharp rise in LV pressure. The
closed mitral valve prevents backflow of blood into the left atrium, and the aortic
valve remains closed until the LV pressure reaches the pressure in the aorta.
When LV pressure exceeds aortic pressure, the aortic valve opens and blood is
propelled into the aorta.
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Figure 2.4 (A) Excised porcine mitral valve. The leaflets attach to the heart
wall at a ring shaped region called the annulus (yellow dashed line). The
free edges of the leaflets are tethered by the chordae tendineae to the
papillary muscles which protrude from the inside surface of the left
ventricle. (B) Top view of the open mitral valve, with the left atrium cut
away. (C) Top view of the closed mitral valve after pressurizing the left
ventricle with saline.

2.2.2 Pathology
Diseases of the mitral valve can be broadly classified as either inhibiting
atrioventricular blood flow or allowing retrograde atrioventricular blood flow.
These conditions are referred to as mitral stenosis (MS) and mitral regurgitation
(MR), respectively.

13

MS can be caused by rheumatic heart disease, calcification of the leaflets and
annulus, infective endocarditis, systemic lupus erythematosus, rheumatoid
arthritis, and carcinoid heart disease. The three surgical options are available for
patients with MS are catheter-based balloon dilatation of the mitral valve,
surgically cutting the mitral leaflet commissures, and mitral valve replacement.

Significant MR occurs in about 2% of the population with a similar prevalence
in males and females [17]. The cause of MR can be either structural or functional.
Structural causes include malformations or abnormal tissue properties of valve
components, while functional causes refer to those resulting from abnormal heart
function, including dilation of the left ventricle and dislocation of a papillary
muscle following myocardial infarction. The most common causes of MR in the
United States are myxomatous degeneration, chordal rupture, rheumatic heart
disease, infective endocarditis, prior heart attack, untreated high blood pressure,
and congenital heart defects. If left untreated, moderate to severe MR can lead to
heart failure. The only effective treatment is surgery, and the two surgical options
are repair of the native valve tissues and replacement of the valve with a
prosthesis. A common surgical repair technique is annuloplasty, where a rigid
ring is sewn onto the mitral valve annulus in order to reduce or fix annular size.
Other repair techniques include leaflet resection or grafting, commissurotomy to
relieve restricted leaflet mobility, and shortening, transfer or replacement of
chordae.
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2.3 The aortic valve

2.3.1 Structure and function of the normal valve
The three leaflets of the normal aortic valve, while generally semicircular in
shape, can exhibit significant interindividual and intraindividual variation in both
shape and size [18]. The leaflet tissue, as for the mitral valve, contains
preferentially oriented collagen fibers that give the leaflets an anisotropic
nonlinear stress-strain relationship [10]. The aortic root, to which the leaflets
attach, connects the LV outflow tract to the proximal ascending aorta and exhibits
significant elastic stretch over the physiological range of intravascular pressure.
The root contains three bulges, or sinuses, one behind each leaflet (Fig 2.5). Two
of the three sinuses serve as origins of the coronary arteries. The leaflets are
named for the coronary artery that originates in its adjacent sinus. They are
designated as the right-, left-, and non-coronary leaflets. The sinuses are believed
to play a role in valve closure and in reducing stress in the leaflets where they
attach to the root [19].

The function of the aortic valve, like the mitral, depends on blood flow
dynamics as well as on the movement of the structures to which the valve
components attach. The coronet shaped annulus of the aortic valve is part of the
highly elastic aortic root, so the annulus passively dilates and shrinks in response
to changes in aortic pressure throughout the cardiac cycle. When the aortic root is
exposed to atmospheric pressure as during open heart surgery, its diameter is
much smaller than its range of in vivo diameters. In this state, there is significant
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Figure 2.5 Porcine aortic valve. (A) Aorta has been cut axially between the
left and non-coronary leaflets and laid flat. Coronet-shaped annulus is
shown in yellow. (B) Aorta has been cut transversely, exposing the open
valve. (C) Aorta has been cut transversely, exposing the closed but
unpressurized valve. (D) Micro CT scan of aortic valve and root loaded by
80 mmHg of pressure.
redundancy in free edge length of the closed leaflets (Fig. 2.5C). Under
physiological pressures, the valve closes with minimal redundancy of the leaflet
edges due to the larger caliber of the pressurized aortic root (Fig. 2.5D).
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2.3.2 Pathology
As for the mitral valve, malfunction of the aortic valve can also be classified as
either restricting flow or allowing backflow. These are referred to as aortic
stenosis (AS) and aortic regurgitation (AR), respectively. AS is the most common
valvular disease requiring surgery [20]. Common causes of AS include
calcification, congenital bicuspid valve, rheumatic valve disease and congenital
AS. AR can be caused by age-related degeneration of the leaflets, endocarditis,
rheumatic fever, congenital defects, and aortic enlargement associated with
chronic hypertension. It can also be caused by a leaflet tear following balloon
dilation of AS. As for the mitral valve, surgery is the only effective treatment, and
surgical options are repair of the valve tissues or valve replacement with a
prosthetic valve. Surgical repair techniques include reconstruction of the leaflets
and/or commissures with autologous pericardium, aortic root reconstruction,
thinning of the leaflets, and annuloplasty.

2.4 Valve repair versus replacement
Since the first artificial heart valve was implanted in the 1950’s, there have
been almost three million prosthetic valves implanted worldwide [21]. Currently
available prosthetic valves can be classified as either mechanical or bioprosthetic.
Mechanical valves are fabricated from synthetic materials, and can be extremely
durable, often lasting 30 years or more [22]. A disadvantage of mechanical valves
is their thrombogenicity, and patients with mechanical valves typically require
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lifelong anticoagulant therapy. Bioprosthetic valves use biological materials, such
as valve or vessel tissue from a donor or an animal. Bioprosthetic valves often do
not have the problem with thrombogenicity, but they are less durable than
mechanical valves, typically lasting from ten to fifteen years in adults [22]. In
children, bioprosthetic valves tend to wear out even sooner, and neither
bioprosthetic nor mechanical valves can accommodate patient growth.

Surgical repair of the mitral valve has been shown to result in better outcomes
than valve replacement for common forms of MR [6] [23] [24] [25] and current
surgical guidelines encourage repair over replacement whenever possible [26].
However, rates of mitral valve replacement are still high, and a primary reason is
that many cardiac surgeons do not have the experience and specialized skills to
consistently repair valves with complex cases of MR [6]. A tool which could help
surgeons plan effective surgical repair strategies could increase the overall repair
rate, resulting in lower overall morbidity and mortality for heart valve surgery.

Recent studies have shown that surgical repair of the aortic valve is a good
alternative to valve replacement for many forms of AR [27] [4] [28] and avoids
many of the complications associated with mechanical and bioprosthetic
replacement valves. In children, valve repair has additional advantages including
growth potential, delay of valve replacement until the patient is older, and
preservation of the pulmonary valve autograft as an option [29]. Good
intermediate results have been demonstrated for aortic valve repair of AR due to a
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variety of causes [30]. However, aortic valve repair is technically more
demanding than valve replacement, and success rates vary among centers [4]. It
remains a challenge to expand the successful application of aortic valve repair
techniques to a wider patient population.

2.5 Computational modeling of heart valves

2.5.1 Previous computational modeling studies of the mitral valve
Kunzelman et al published the first 3D FE model of the mitral valve in 1993 to
study normal valve function [31]. Their model included effects of local fiber
direction and assumed linear orthotropic leaflet behavior. A symmetrical, generic
leaflet profile from averaged measurements of 4 porcine hearts was used to
represent the human mitral valve leaflet shape and a generic, non-branching
chordae network was assumed. Their simulations showed that the combination of
annulus and papillary muscle contraction improve valve function. Subsequent
work by the same group used the model to study the effect of chordal replacement
with sutures on valve stress [32, 33]. They also used the model to study the effect
of annular dilatation on leaflet stress [34] and to compare two types of
annuloplasty ring prostheses to treat the dilation [35]. The model was also applied
to support a study on altered leaflet collagen in response to increased leaflet stress
[36].
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Salgo et al used the FE method to study the effects of annulus shape and leaflet
curvature on leaflet stress [37]. They assumed linear orthotropic leaflet behavior
and modeled the entire top (atrial) surface of the closed leaflets as a single
paraboloid surface. Chordae were neglected entirely.

The group of Redaelli et al in Milan have published a number of FE studies of
the mitral valve. One of the first was a FE analysis of the stress on mitral valve
leaflets following a valve repair technique in which a point on the free edge of the
anterior leaflet is sutured to a point on the free edge of the posterior leaflet to stop
regurgitation – the so called edge-to-edge repair [38]. They used a generic,
symmetrical leaflet model with linear orthotropic tissue behavior and incorporated
only marginal chordae without branching. Another group used the FE method to
study leaflet stress in edge-to-edge repair, assuming nonlinear isotropic leaflet
behavior [39].

Einstein et al developed a method for implementing a finite strain, hyperelastic
strain-energy function for FE analysis of anisotropic membranes [40]. They used
this method, along with the geometric leaflet model of Kunzelman, to analyze
mitral valve structures and blood flow in simulations that incorporated fluidstructure interaction [41].

In an effort to incorporate more realistic, dynamic boundary conditions, Lim et
al tracked points on the mitral annulus and papillary muscles using
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sonomicrometry crystals and used these trajectories as dynamic boundary
conditions for a FE analysis of the mitral valve over a full cardiac cycle [42].
They modeled the leaflets as a single continuous surface without a distinct
anterior or posterior leaflet, and they assumed linear isotropic leaflet behavior and
included only marginal chordae.

Prot et al developed a hyperelastic, transversely isotropic membrane shell
element and used it in a FE analysis of a very simple geometrical model of the
mitral valve [43]. They initially included only 20 marginal chordae but found that
they had to add strut chordae to help control leaflet billow. They recently
developed a more realistic geometric description of the leaflets and applied the
same shell element to analyze the effect of hypertrophic obstructive
cardiomyopathy on mitral leaflets stress [44].

Votta et al applied their FE model to compare different mitral annuloplasty
prostheses [45]. They further developed this model to incorporate geometry and
movement of the mitral annulus and papillary muscles [46].

All of the modeling work discussed so far used generic leaflet profiles, most
lacking the multiple lobes of the posterior leaflet. Given the wide variability in
human mitral valve leaflet morphology, the use of generic models for patientspecific surgical planning is not appropriate. There have only been two groups
who have published computational studies of the mitral valve where valve leaflets
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are defined in their entirety from medical imaging. Wenk et al developed a FE
model of the LV including the mitral valve, developing a mesh of the mitral valve
leaflets directly from segmented MRI images [47]. The chordae, however, could
not be seen on the MRI images, so a generic chordae network was assumed. They
used a hyperelastic, transversely isotropic model for leaflet tissue behavior. They
used the model to study the effect of post-infarct myocardial remodeling on mitral
valve competence through papillary muscle displacement. Burlina et al have also
presented an image-based approach, segmenting mitral valve leaflets from 3D
ultrasound images [48]. They demonstrated the ability to mesh the leaflets in the
open state then predict the closed state using simulation. Again, they could not
discern chordae in the ultrasound images. They incorporated tethering forces at
selected nodes on the leaflet free edge, neglecting the tethering effects of
secondary chordae.

All of these published models of the mitral valve make significant
simplifications regarding the anatomy of the chordae network. The first
simplifying assumption is the use of a generic model of the chordae network. The
morphology of both the chordae network and the leaflets varies greatly among
individuals [49]. Furthermore the closed state of the leaflets is strongly dependent
on the anatomy of the chordae network due to the direct tethering effect of the
leaflet by the chordae. It is not clear that using a generic chord model with either a
generic or a patient-specific leaflet models will yield simulations with useful
predictive power. The second simplifying assumption is the consideration of only
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primary chordae. These prior modeling studies incorporate only primary chordae,
or primary chordae plus the two strut chords, citing a study that shows that the
absence of secondary chordae does not negatively affect leaflet coaptation [11].
However that same study underscores the importance of the secondary chordae by
noting the large decrease in cardiac output that results from severing them.

Generic models of the mitral valve present a problem with respect to model
validation. There is no way to experimentally validate simulation results because
the modeled valve is a theoretical construct. Consequently, validation efforts
presented in prior modeling studies have been either indirect or entirely absent.
Indirect methods include comparing a physical variable predicted by the valve to
levels measured for actual valves. Physical variables used for validation have
included tension in a chord, valve closure time, leaflet closing velocity, and heart
valve closure sound. Of the two groups to utilize image-based models of the
leaflets, only one validated the simulated closed state of the leaflets against the
actual position of the closed leaflets measured directly from images [48].

2.5.2 Previous computational modeling studies of the aortic valve
Computational modeling has been used extensively to study the aortic valve.
Much of this work has focused on the design of prosthetic tri-leaflet valves with
the aim of reducing stresses in the prostheses and improving their longevity. In
1973, Gould et al used the FE method to analyze stress in tri-leaflet valves with
the goal of informing the design of prosthetic valve leaflets [50]. Their results
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showed that stresses in a leaflet are highly sensitive to its shape. Sabbah used FE
simulations to show that porcine bioprosthetic valve leaflet calcification
correlated with regions of high stress [51]. Hamid et al used a similar model to
study the effect of prosthesis stent height on leaflet stress [52]. Black et al
analyzed a bicuspid stented bioprosthesis to assess leaflet stress and the role of
bending stress [53]. Krucinski et al studied the effect of rigid versus expanding
stents on compressive leaflet stress due to bending [54]. Thornton et al
investigated the effect of varying the thickness and stiffness of polypropylene
leaflets in prosthetic valve design [55]. Cacciola et al showed that a stentless
fiber-reinforced prosthetic valve exhibits a stress reduction of 75% with respect to
stented version [56]. Xiong et al used dynamic FE analysis to evaluate several
designs of stentless pericardial bioprostheses with single point attached
commissures [57].

Modeling studies have used increasingly realistic descriptions of tissue
mechanical properties. Sun et at modeled a pericardial bioprosthetic valve under
static load using a Fung elastic material model which accounted for the nonlinear
anisotropic behavior of the pericardial tissue used to construct leaflets [58]. Kim
et al used a similar model in a dynamic analysis in order to investigate leaflet
stresses during the opening phase of the valve [59].

In addition to the study of prosthetic valves, computational methods have also
been used to study the normal function, disease and repair of native aortic valves.
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In 1998, Grande et al published a 3D FE model of the aortic valve basing leaflet
and aortic root geometry on human MRI data [60]. They used the model to assess
the effect of anatomical asymmetry on stresses in the valve during diastole,
showing that leaflet and root asymmetry cause asymmetrical stresses in the
leaflets and aortic root. They subsequently extended their model to study the
effect of aortic root dilation on valve competence [61]. They also simulated a
surgical repair procedure referred to as aortic valve sparing in which the native
valve leaflets are sewn into a vascular graft. They used their model to explore the
effects of graft shape and stiffness on valve function [62]. Beck et al also used a
FE model to study this procedure, showing that aortic root grafts that incorporate
the anatomical sinuses result in reduced leaflet stresses [63]. Lim et al studied a
repair technique involving replacement of each of the three leaflets with grafts
made from pericardium, evaluating the effect of innate curvature of the graft on
leaflet stresses and coaptation [64].

Whereas Grande et al assumed linear behavior of leaflet tissues, Li et al
showed the importance in using a nonlinear anisotropic leaflet description for
prediction of stresses [65]. Gnyaneshwar et al performed dynamic FE analysis of
the native aortic valve over a complete cardiac cycle and helped illuminate the
dynamic interaction between leaflets and the root [66]. Their study assumed linear
elastic leaflet behavior, but Ranga et al used dynamic FE analysis to show the
importance of modeling leaflet nonlinearity [67]. Conti et al recently presented a
FE model of the aortic valve with aortic root geometry obtained from magnetic
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resonance images [68]. They used the model to study the effects of asymmetry of
the aortic root on stresses throughout the cardiac cycle.

All of the computational studies presented so far have been purely structural
models, neglecting the interaction between tissues and the blood flow. Since
2003, several groups have presented computational studies of the aortic valve to
study fluid-structure interaction in the normal aortic valve [69][70][71][72].
Weinberg et al included fluid-structure interaction in multiscale simulations of the
aortic valve, describing mechanical behavior at the organ, tissue and cell level
[73].

In conclusion, many different methods have been applied to study various
aspects of heart valve function, disease and repair. While many of these studies
are used to evaluate specific repair strategies like a new annuloplasty ring design
or a new repair technique, none of these studies deliver fully image-based models
or simulations that run fast enough for intraoperative clinical use.
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3 An anisotropic mass-spring model of heart valve tissue:
comparison with a finite element model
3.1 Introduction

Surgical repair of heart valves is difficult due to their intricate structure and
complex properties; biomechanical studies have shown that leaflets of heart
valves exhibit an anisotropic, nonlinear stress-strain relationship and large
deformations under physiological loads [10, 31, 74, 75]. Furthermore, repairs are
normally performed during open heart surgery when the heart is emptied of blood
and the valves are motionless, making it difficult for the surgeon to know how a
given surgical modification will translate into valve function after the heart has
been closed and blood flow restored. A surgical simulator based on patientspecific medical images has been proposed as a way to improve surgical
outcomes [76]. Under the proposed scheme, pre-operative images are acquired,
and a computational mesh of the malfunctioning valve is generated. The surgeon
explores potential repair strategies on the computer model of the open valve then
uses simulation to predict the closed state of the valve. For this surgical planning
environment to be of practical use to a surgeon, simulations must be fast – no
more than a few minutes per valve closing cycle – so that multiple surgical repair
strategies could be simulated in succession, with feedback from one simulated
repair guiding the subsequent simulated repair in an iterative process.
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Published computational models of heart valves use the finite element (FE)
method to study normal, pathological and prosthetic valves and to evaluate
innovative devices or methods for surgical repair [31, 39, 42, 46, 65-67, 77-79].
The FE method can provide accurate approximation to the behavior of continua,
but FE simulations of heart valves are typically slow due to large deformations,
complex constitutive laws, and numerical stiffness of the system equations. While
most heart valve FE studies do not report simulation times, a recent FE model of
the mitral valve developed for surgical planning reports simulating one closing
cycle in 81 hours, and simulation time drops to 7.5 hours using a high
performance computing cluster with 32 parallel CPU’s [80]. Speed limitations
have precluded use of computational models for patient-specific surgical planning
and for real-time surgical simulation of heart valves.

Mass-spring (M-S) models have been used to simulate deformable surfaces
[81-83], and they can typically be simulated at rates much faster than continuum
methods due to their computational simplicity. M-S models can be applied to
either structured or unstructured meshes, although only unstructured meshes will
be considered here due to their predominance in automatic mesh generation
methods. M-S models are fundamentally discrete, and they can be a poor
approximation to the underlying continuum [84]. This is especially true of
unstructured meshes. Van Gelder has proposed a simple method for choosing
spring stiffness to minimize inhomogeneities in deformation due to the mesh [83].
Other groups have proposed optimization methods for tuning individual spring
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stiffness throughout a given mesh to approximate specific behavior of the overall
surface [85-87]. These methods, however, involve considerable precomputation,
which can be problematic for a surgical planning system where the mesh is
modified prior to each simulation. In their simplest form, M-S models define an
elastic force between two vertices that varies with edge length. However, variants
have been proposed to simulate various material properties. For example,
Bourguignon et al proposed a M-S method for handling anisotropy by restricting
all internal forces to axes aligned with local principal material axes instead of
mesh edges [88]. Delingette presented a method for simulating isotropic
hyperelastic membranes using a new type of spring, which is based on finite strain
mechanics and allows a formal connection between FE and M-S methods [82].

For fast simulation of heart valve closure for use in patient-specific surgical
planning, the decision of whether to use M-S or continuum-based methods for
modeling the valve leaflets hinges on the relative accuracy and computational cost
of these methods. In this study, we assess this tradeoff between speed and
accuracy. We present a M-S model that approximates the anisotropic, nonlinear
in-plane behavior of aortic valve leaflet tissue on unstructured triangular meshes,
and compare the accuracy and computational cost of M-S and FE models. Both
models are implemented in the same programming environment so that they can
be run on the same input meshes and using the same solvers, allowing us to
directly compare computational speed and accuracy. To assess accuracy of the
models, we first compared stress-strain curves of simulated square patches of
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membrane under biaxial loading to stress-strain curves calculated directly from
the constitutive law.
end-diastole
three leaflets

e then simulate pressure loading of aortic valve leaflets at

both a single leaflet of an aortic valve and a full valve consisting of
and we compare critical dimensions of the deformed meshes

produced by both the M-S and FE methods. Simulations of biaxial loading
illustrate the aspects of material behavior that the M-S model can and cannot
accurately capture, while pressure loading simulations help assess model behavior
as it is relevant for heart valves.

3.2 Methods

3.2.1 Continuum model for aortic valve leaflet tissue
To simulate the in-plane response, the following Fung-type constitutive law
was used to approximate the leaflet response
S ij =

W
Eij

3.1

where S is the second Piola-Kirchhoff stress tensor, E is the Green strain tensor,
and i and j are indices representing the two principal directions, and W is the
strain energy density. We assume an exponential form for W after Fung [89]
W=





c Q
e 1
2

3.2

where c is a constant and Q represents the following combination of components
of the Green strain tensor
2
2
2
Q = A1E11
+ A2 E22
+ 2A3E11E22 + A4 E12
+ 2A5 E11E12 + 2A6 E22E12
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3.3

The values A are constants, and these along with c are determined with a
Levenberg-Marquardt nonlinear curve fitting algorithm to the results of
previously published biaxial experiments on normal aortic valve leaflet tissue
[90].

3.2.2 Computational models of anisotropic membrane
3.2.2.1 Mesh generation
For simulations of biaxial loading, a square patch 15 mm on a side was
meshed into a given number of triangles by randomly scattering points within the
square then repeatedly connecting the points using Delaunay triangulation and
adjusting the positions of all points interior to the boundaries by treating all
triangle edges as springs with equal spring constant and resting length and solving
for the global equilibrium position of the interior points. This process of
triangulating and adjusting the nodes typically converged after 8-10 iterations to a
set of nearly equilateral triangles. In order to characterize the variability in
simulation results due to mesh discretization, biaxial test simulations were
performed on a set of 10 meshes with similar number of triangles (229 +/- 1) and
similar mean triangle quality (0.95). Triangle quality is defined as
, where a is the area of the triangle and si are the
lengths of its three sides [91]. This index equals 1.0 for an equilateral triangle, and
q = 0.6 is generally considered as a threshold below which numerical
approximation and/or stability may suffer, although in practice this threshold is
highly problem-dependent.
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For simulations of aortic valves, a single leaflet was represented as a
semicircle with diameter of 20 mm fixed along its semi-circumference to the
inside wall of a cylinder with circumference of 60 mm. Again, a set of 10
semicircular meshes with similar number of triangles (221+/- 2) and similar mesh
quality (0.95) was generated and used for simulations of a pressure loaded leaflet.
A complete aortic valve model was produced by combining three identical
semicircular leaflets arranged circumferentially around the inside wall of the
cylinder (Fig. 3.1). Mesh generation used the same method as for the square
patch.

3.2.2.2 Equations of motion
Response of the patch to both biaxial and pressure loading was simulated by
lumping the mass of each triangle at the nodes then solving for the dynamics of
the system of masses. The method used to discretize and solve the equations of
motion is described in the Appendix. The FE model and M-S models compared in
this study differ only in how they compute the internal forces. The following
sections describe the M-S and FE methods for computing these internal forces.
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free edge
length
midline
length

Figure 3.1 A single aortic valve leaflet is represented by a semicircle and a
complete aortic valve as 3 semicircles arranged in a row (top sketch) then
wrapped into a cylinder (bottom sketch) whose circumference is exactly three
semicircle diameters. Each semicircular leaflet is constrained along its
semicircumference by virtue of its attachment to the aortic root. The top edge
of each leaflet, whose length is equal to the semicircle diameter in the initial,
unstressed state of the leaflet, is not attached to the aorta and is referred to as
the leaflet free edge. This free edge length and the length of the leaflet
midline are defined in the top sketch and are used to describe the degree of
deformation of the leaflets. I assumed an unstressed leaflet diameter of 20
mm.

3.2.2.3 Internal forces for mass-spring model
I model an unstructured triangular mesh as an M-S system by treating each
triangle edge as a spring (Fig. 3.2).
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The mass of each triangular element,

A

B

60

2nd PiolaKirchhoff
stress
(kPa)
0

0

1.0
Green strain

Figure 3.2 (A) Unstructured triangular meshes are treated as mass-spring
systems by lumping the triangle mass at its vertices and treating all triangle
edges as springs. (B) Spring constants are computed based on leaflet
stiffness, which is approximated by a bilinear relationship (blue lines), with
parameters determined by best fit to the phenomenological constitutive law
(red curves) fit to experimental data.

computed as the product of its area, thickness and density, is distributed equally
among its three vertices. The force in each triangle edge (spring) is computed as
the product of the magnitude of the deflection of the spring from its resting
length, the spring constant, and the unit vector describing the present direction of
the edge. We wish to choose spring constants to approximate the nonlinear
anisotropic in-plane behavior described by Eqns. 3.1-3.3. Since our goal is
simulating heart valves under uniform pressure loading, we make the simplifying
assumption that the two stress-strain curves corresponding to equibiaxial loading
(one curve for the fiber direction and one for the cross-fiber direction) sufficiently
describe the in-plane response. We approximate each of these curves with a
piecewise linear fit consisting of a segment of slope m1 passing through the origin
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and a second segment of slope m2 and intersecting the first segment at some
critical value of Green strain, which we express as stretch ratio *. For a given
spring at angle  with respect to the material fiber direction, in-plane behavior at
some intermediate angle between the fiber and cross-fiber directions is computed
by assuming that these piecewise fits vary smoothly with direction . Specifically,
slope

m1

for

example,

varies

with



according

to:

, where m1f is the initial slope in the fiber
direction and m1c is the initial slope in the cross-fiber direction. The other
parameters, m2 and *, vary similarly and can be computed for every spring in the
mesh based on the angle  in the undeformed state of the mesh. To compute the
spring constant for a given spring, we use an equation proposed by van Gelder for
calculating spring constants throughout and unstructured triangular mesh in order
to control membrane behavior [83]
3.4
where kc is the spring constant for edge c of a given triangle, E is Young’s
modulus for the leaflet tissue, h is leaflet thickness which is assumed uniform and
equal to 0.5 mm, the summation term represents the area of all triangles sharing
edge c, and the denominator is the squared length of edge c. In place of Young’s
modulus, E, we use the slope m1 or m2, depending on whether the present
deformation of the spring corresponds to a value of stretch less than or greater
than *.
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Two spring constants for each spring, one for small and one for large
displacements, are pre-computed at the start of a simulation as is the stretch ratio,
* , at which each spring undergoes its change in stiffness. During the simulation,
the force in a given spring is computed as
3.5
for springs with stretch magnitude less than * and as
3.6
for springs with stretch magnitude greater than * . In these equations, k1 and k2
are spring constants for the low and high stiffness regimes of the spring,
respectively, l is the present length of the spring, l0 is the rest length of the spring
and n is the unit vector describing the present direction of the spring. The force in
the spring is then applied to the two nodes bounding it, and the net internal force
on each node in the mesh is computed by summing the contributions of all springs
sharing a given node.

3.2.2.4 Internal forces for finite element model
In order to evaluate the computational cost of a finite element model of an
anisotropic membrane as well as to have a reference to which to compare
accuracy of the M-S model simulations, a FE model formulated for large
deformations and unstructured triangular meshes was implemented. We use a
model presented by Taylor et al. that was derived directly from membrane
assumptions rather than by simplifying shell theory [92]. This results in a
conceptually and computationally straightforward formulation. The basic
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equations are reproduced here, but the reader is referred to the cited source for a
more thorough presentation.

The Green strain tensor for a given triangular element in the mesh can be
computed as
3.7
where I is the 2 x 2 identity matrix and C is the right Cauchy-Green deformation
tensor, computed as C=GTgG. Here, G and g are J-1 and j-1, respectively, where J
and j are the Jacobian matrices mapping the position of a point in global
coordinates to the parametric representation adopted within a triangle, referred to
the initial and current reference frame, respectively. Specifically,
3.8
where Δx21 is the vector from vertex 1 to vertex 2 of the triangle in its present
(deformed) configuration, and, similarly, Δx31 is the vector from vertex 1 to
vertex 3. Matrix G is given by

3.9

where ΔX21 is the vector from vertex 1 to vertex 2 of the triangle in its original
(undeformed) configuration, and, similarly, ΔX31 is the vector from vertex 1 to
vertex 3. Vector V3 is defined as the cross product of ΔX21 and ΔX31.
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The Green strain tensor computed using Eq. 3.7 describes strain relative to the
local (triangle) coordinate system which, because of the unstructured nature of the
triangle mesh, is arbitrarily oriented with respect to the global coordinate system.
This tensor must be rotated to the principal axes of the tissue in order to apply the
constitutive law in Eqns. 3.1-3.3. This is done using

3.10
where Eij is the i,jth component of the Green strain tensor and R is the strain
transformation matrix given by

3.11
where θ is the angle between side ΔX21 of the triangle and the local fiber direction
of the material measured in the original configuration of the mesh. Now the 2nd
Piola-Kirchhoff stress tensor with respect to the principal axes of the tissue, S’, is
computed using the constitutive law given in Eqns. 3.1-3.3, and is then rotated
back to the local reference frame using the inverse of transformation matrix R.
Components of the local stress tensor, S, are then used to compute the forces on
the nodes of the triangle due to internal forces as

3.12

where A and H are the area and thickness of the triangle in its original
configuration, and B is defined by
B=Qb
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3.13

where Q is the stress transformation matrix, expressed in terms of the elements of
G in Eq. 3.9 as

3.14

and b is the 3x9 strain displacement matrix given as

3.15

Thus, the 9 elements of f from Eq. 3.12 are the three components of the force on
vertex 1, followed by those on vertices 2 and 3. The nodal force contributions
from all triangles in the mesh are summed to get the net internal forces on nodes
throughout the mesh.

3.2.2.5 External forces for biaxial loading
Biaxial loading was simulated by applying external forces consisting of inplane tensile loads distributed along edges of the square patch and aligned
perpendicular to the edge upon which they act with respect to the initial state of
the mesh. Five states of biaxial stress were simulated corresponding to ratios of
peak Lagrangian stress in one test axis to that in the other (perpendicular) axis of
20:60, 30:60, 60:60, 60:30, and 60:20 kPa. A biaxial loading protocol was
simulated by applying forces to the edges of the patch to maintain a constant ratio
of Lagrangian stress between the two test axes. Simulations were performed for
fiber direction both coincident with one of the test axes and at 45o to it.

39

Since the system is dynamic, simulating a given loading curve involves
running a dynamic simulation at a series of incremental steps in applied stress and
waiting until a steady-state is reached at each step. For all simulated loading
curves, we used increments of 0.025, 0.050, 0.1, 0.2, 0.4, 0.7, and 1.0 times the
peak stress for that loading condition. Damping forces sufficient to critically
damp all nodes in the mesh were added to each node in order to produce fast,
stable simulations.

To determine the strain undergone by the deformed mesh, four virtual markers
in the shape of a square, 1.5 mm on a side, were located in the center of the patch.
Sides of the square were aligned with the fiber direction. For the undeformed state
of the mesh, the location of each marker was computed in barycentric coordinates
relative to the three vertices of the triangle containing it. During deformation, the
positions of the markers were used to compute the components of Green strain. A
given loading increment is determined to have converged when changes in both
normal strains of the marker array become small (less than 2% of cumulative
strain for that loading increment). The value of Lagrangian stress for that loading
increment was converted to 2nd Piola-Kirchhoff stress, which, along with the
value of Green strain from the marker array, was used to describe the constitutive
behavior of the mesh as it is deformed.
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3.2.2.6 External forces for pressure loading
Pressure loading of the aortic valve mesh was simulated by applying a
constant, surface normal pressure of 80 mmHg to all mesh triangles. Resulting
nodal loads were applied to the aortic surface of mesh triangles, i.e., in the
direction corresponding to radially inward (toward the axis of the cylinder) in the
undeformed state of the mesh. All three semicircular leaflets are constrained by
fixing all mesh vertices that lie on the semi-circumferences. Simulations are
terminated when the incremental displacement of the middle of a leaflet free edge
becomes small (below 10-5 mm).

3.2.2.7 Solution method
The method used for discretizing and solving the system of equations is not
critical to the aim of this study. I chose to discretize the equations using a secondorder backward difference method with semi-implicit numerical integration as
described in the Appendix. Adaptive time step control based on step-doubling was
incorporated [93]. A conjugate gradient method was used to solve the sparse
linear system [94]. Computation was implemented in the Matlab programming
language (Mathworks, Natick, MA).

3.3 Results

A set of 7 parameters describing the in-plane response of aortic valve leaflet
tissue was generated by curve fits to experimental stress-strain data (Table 3.1).
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Table 3.1 Parameters of aortic valve leaflet constitutive law computed by
fitting data from biaxial testing experiments.
Parameter
c
A1
A2
A3
A4
A5
A6

Value
9.7 Pa
49.558
5.2871
-3.124
16.031
-0.004
-0.02

Deformation of a square patch using the FE model was simulated for five states of
biaxial stress corresponding to ratios of Lagrangian stress in the x- to y-directions
of 20:60, 30:60, 60:60, 60:30 and 60:20 kPa (Fig. 3). The final deformed states of
the mesh are shown for the case where the material fiber direction coincides with
Px (Fig. 3.3, middle row) and where the material fiber direction is oriented at 45o
to Px in the undeformed configuration (Fig. 3.3, bottom row).
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Figure 3.3 Simulated deformation of a square patch of membrane under
biaxial load. (A) Undeformed mesh showing directions of applied stresses, (B)
Deformed mesh under the 5 states of biaxial stress (Px:Py) = 20:60, 30:60,
60:60, 60:30, 60:20 kPa, where the material fiber direction coincides with the
x-axis, (C) Deformed mesh under the same 5 states of stress but with the
material fiber direction in the undeformed state oriented at 45o to the x-axis.
All deformed meshes in this figure were produced using FE simulations.

Plots of stress versus strain were generated for the FE simulations (Fig. 3.4).
For equibiaxial loading and normal strains (Fig. 3.4, middle row, columns 1 and
2), the mean error magnitude in strain for the FE simulations with respect to the
actual constitutive law for the final loading increment is 0.004%. For non-
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equibiaxial loading states and normal strains (Fig. 3.4, rows 1, 2, 4 and 5, columns
1 and 2), the mean error magnitude in strain is 0.9%. For shear strains (Fig. 3.4,
column 3), the mean error magnitude in strain is 3.1%. Note that for all of the
stress vs. strain plots for the FE simulations (Fig. 3.4), the standard deviations are
so small that the gray region is very narrow and appears as a single curve.
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Figure 3.4 Stress-strain curves for FE model. Second Piola-Kirchhoff stress in
the fiber direction (S11) and cross-fiber direction (S22) is plotted as a function of
Green strain for five biaxial loading curves. Loading states, determined by the
ratio of peak Lagrangian stress in the x-direction to that in the y-direction, are,
from top to bottom, 20:60, 30:60, 60:60, 60:30, and 60:20 kPa. The left column
of plots shows normal stress vs. strain for the case where fiber direction
coincides with the x-axis. The middle and right columns of plots show normal
stress vs. strain and shear stress vs. strain for the case where the fiber direction
is at 45o to the x-axis. The solid black circles represent the stress-stretch
relationship calculated directly from the 7-parameter constitutive law. The gray
curves represent the relationship computed from simulations and demarcate the
mean strain ± one standard deviation at each of the stress increments across the
10 test meshes.
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Plots of stress vs. strain were generated for the M-S simulations (Fig. 3.5). For
equibiaxial loading and normal strains (Fig. 3.5, middle row, columns 1 and 2),
the mean error magnitude in strain for the M-S simulations with respect to the
actual constitutive law for the final loading increment is 1.7%. For nonequibiaxial loading states and normal strains (Fig. 3.5, rows 1, 2, 4 and 5, columns
1 and 2), the mean error magnitude in strain is 7%. For shear strains (Fig. 3.5,
column 3), the mean error magnitude in strain is 81%.

Pressure loading of a single aortic valve leaflet was simulated using the FE and
M-S models and the final deformed state of the mesh was plotted for each (Fig.
3.6A and 3.6B). Two important metrics of leaflet deformation, free edge length
and radial midline length, were computed for the deformed meshes and compared
(Table 3.2). Differences in absolute position of the nodes of the two meshes were
computed and mapped onto the nodes of the original (flattened) leaflet (Fig.
3.6C). Mean and maximum magnitudes of the difference in nodal position were
0.4 and 0.9 mm, respectively.
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Figure 3.5 Stress-strain curves for the mass-spring (M-S) model. Second
Piola-Kirchhoff stress in the fiber direction (S11) and cross-fiber direction
(S22) is plotted as a function of Green strain for five biaxial loading curves.
Loading states, determined by the ratio of peak Lagrangian stress in the xdirection to that in the y-direction, are, from top to bottom, 20:60, 30:60,
60:60, 60:30, and 60:20 kPa. The left column of plots shows normal stress
vs. strain for the case where the fiber direction coincides with the x-axis. The
middle and right columns show normal stress vs. strain and shear stress vs.
strain for the case where the fiber direction is at 45o to the x-axis. The black
solid circles represent the stress-strain relationship calculated directly from
the 7-parameter constitutive law. The gray curves represent the relationship
computed from simulations and demarcate the mean strain ± one standard
deviation at each of the stress increments across the 10 test meshes.
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Figure 3.6 The final deformed states of a simulated aortic valve leaflet
subject to a static pressure load of 80 mmHg. The semicircular mesh is
constrained along its semi-circumference. Images, from left to right, show the
deformed leaflet simulated with the FE model, the deformed mesh simulated
with the M-S model, and the discrepancy between the two deformed meshes
expressed as the magnitude of the distance between corresponding nodes on
the models and mapped onto the undeformed mesh.

Pressure loading of a 3-leaflet aortic valve was simulated using the FE and MS models, and the final deformed state of the mesh was plotted for each (Fig.
3.7A-D). The most clinically useful feature of the loaded valve is the extent of
coaptation (i.e., overlap) between adjacent leaflets. We determine this for the two
models shown by computing the distance between each mesh node and the nearest
point on the surface of adjacent leaflets. Because repulsive contact forces are
used to handle self-collisions of leaflets, a non-zero gap of approximately 0 to 1.5
mm exists between leaflets that are in contact. The shape of the coaptation
(contact) zone is estimated as the region enclosed by the contour line

48

Mass-Spring

Finite Element
A

E

C

Coaptation region

Black = FE
Gray = M-S
B

D

Figure 3.7 The final deformed state of a simulated aortic valve (3 leaflets)
subject to a static pressure load of 80 mmHg. Top oblique and bottom oblique
views of the final deformed state of the mesh produced by the FE model are
shown in panels A and B, respectively. The same views are shown for the M-S
model in panels C and D. Panel E shows the coaptation region computed from
the closed valve meshes for both models. The coaptation region is the portion
of the semicircle bounded by the free edge on top and the irregular curve on
the bottom.
corresponding to an inter-leaflet distance of 1.5 mm (Fig. 3.7E). Maximum
principal stress along with shear strain was plotted for the FE simulations of the
full valve (Fig 3.8, panel A).
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Table 3.2 Comparison of dimensions of the deformed valve leaflet meshes
predicted by the finite element (FE) and mass-spring (M-S) methods.

Undeformed Mesh
Mass-Spring
Finite Element

Free edge length (mm)
mean ± SD
20.0
26.3 ± 0.2
26.20 ± 0.02

Radial midline length (mm)
mean ± SD
10.0
15.2 ± 0.3
15.60 ± 0.04

The computational cost of the two methods for computing internal forces was
assessed in two ways. The first method involved counting the number of
operations required to compute internal forces on the nodes of one triangle during
one time step of the model. (Computation of all other components of the
simulation was the same for the M-S and FE methods.) Operations were classified
as multiplications (including divisions), additions (including subtractions),
assignments, or other (e.g., square roots, inequalities, decisions, transcendental
functions). The total number of floating point operations (FLOPs) was calculated
by counting all operations as one FLOP except for square roots and transcendental
functions, which were counted as 10 FLOPs each (Table 3.3). The second method
involves measuring the actual time spent executing the portion of the program that
performed these computations of internal forces. Execution time was then
normalized by dividing by the execution time for the FE model (Table 3.3).
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Table 3.3 Comparison of the computational cost of the finite element (FE)
and mass-spring (M-S) models for computing internal forces. Operation
counts and computation time are given per element per one time step of the
dynamic simulation.

Method
FEM
M-S

x,÷
187
13

+,148
15

Assign Other FLOPs
114 3
479
9
1
51

Time re: FEM (%)
(100)
10

3.4 Discussion
The goal of this study was to develop an efficient

-S model that could

simulate highly anisotropic membranes – about five times more distensible in one
principal direction than in the other on unstructured triangle meshes. Central to
the development of this model was quantification of model speed and accuracy in
order to assess its suitability for simulating heart valves as part of a surgical
planning system. The M-S method examined here is faster but less accurate than
the simple FE model with which we compared it. However, the M-S model does
reasonably well at approximating the deformation of a pressurized aortic valve
with complex biomechanical properties, with simulated positions of leaflet nodes
lying within 0.9 mm of nodal positions predicted by FE. Results of simulated
biaxial loading illustrate the aspects of material behavior that the M-S model can
and cannot accurately capture, while pressure loading simulations quantify
accuracy as it is relevant for simulating a heart valve.
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For the parameters listed in Table 3.1, the direct plots of the constitutive law
for loading in the fiber direction (Fig. 3.4, left column, solid black circles) show
that the stress-strain curves for the fiber direction move to the right as the applied
stress increases in the fiber direction and decreases in the cross-fiber direction.
The FE model incorporates the constitutive law directly and thus captures this
behavior accurately (Fig. 3.4, left column, gray regions). Interestingly,
dependence of the stress-strain curves on the overall state of stress is observed in
the M-S model (Fig. 3.5, left column, gray regions), although curves are not as
close to the analytical solution as for the FE model, and variation due to the
particular mesh discretization is greater. This dependence on the overall state of
stress is probably due to the fact that the behavior in the two principal directions
is entangled in the edge spring model as a result of the nearly continuous
distribution of orientations of springs; forces in most of the edge springs have
components in both principal directions.

Plots of the constitutive law also show that the relationship between normal
stress and strain is almost independent of shear strain (Fig. 3.4, middle column,
solid black circles), as evidenced by the fact that all of the curves in the column
are similar, despite a large positive shear strain in the top panel and large negative
shear strain in the bottom panel. This follows from the constitutive law
parameters A5 and A6 being very close to zero. Constitutive law plots also show
that the shear stress vs. strain relationship exhibits an exponential form similar to
that for the normal stress strain relationship (Fig. 3.4, right column, solid black
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circles). The M-S model does a poor job of approximating shear stress (Fig. 3.5,
third column). This is not surprising because our simple M-S model includes no
shear springs and thus does not allow direct control of shear behavior. However,
the state of loading of an actual heart valve leaflet under pressure load
approximates equiaxial stress in regions far from constraints. To estimate the
degree and distribution of shear strain in a loaded aortic valve, we computed shear
strain at each node on the pressurized leaflet mesh deformed using the FE model
and plotted the value at the location of the node in the undeformed (flattened)
leaflet (Fig. 3.8, panel B). The majority of the leaflet mesh exhibits shear strain
of less than 0.1 (shear angle of approximately 6o), with the maximum value of
0.27 (shear angle of approximately 15o) occurring near the points of attachment of
the leaflet free edge to the cylinder (aorta) wall.
A.

Max. Principal Stress (kPa)

B.

Shear Strain

500

0.3

0

0

Figure 3.8 (A) Maximum principal stress (kPa) in one leaflet of the
pressure-loaded valve deformed by the FE model. (B) Magnitude of shear
strain (Green strain) throughout the mesh of the pressure-loaded leaflet
deformed using the FE model.
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Results of simulated pressure loading of the single leaflet model show that the
overall shape of the deformed M-S mesh is very similar to that of the deformed
FE mesh (Fig. 3.6, A and B). The most salient differences are the overall
smoothness of the FE mesh compared to the M-S mesh and the greater shear
deformation in the M-S mesh near the constrained termini of the free edge. A
consequence of this exaggerated shear is that the free edge is in a slightly lower
position than in the FE mesh. This lower free edge combined with a slight bulging
of the M-S mesh in the region just below the free edge results in the maximum
discrepancy in nodal position of almost 1 mm (Fig. 3.6C). The computed length
of the free edge of the deformed mesh is almost identical in the FE and M-S
models, while the length of the radial midline is underestimated in the M-S model
re: FE (Table 3.2). This reflects slightly decreased distension in the M-S model in
the cross-fiber direction and is also seen in the biaxial loading results (Fig. 3.5,
right column, middle panel).

The FE simulations of the full aortic valve under pressure exhibit similar
leaflet shape, and similar leaflet stress pattern and magnitude, to published studies
[95] [66] [60]. M-S model simulations show very similar closed valve shape to
the FE models. Again leaflet surfaces are somewhat smoother in the FE than the
M-S model, and in-plane shear deformation appears to be larger in the M-S model
near the points where the free edges are constrained (Fig. 3.7, panels A-D). As in
the single leaflet model, this causes the free edges of the three leaflets in the M-S
model to drop to a lower position than in the FE model. The lower boundary of
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the coaptation region is similar for the M-S and FE models, although it is
somewhat “noisier” for the

-S model. The region predicted by the M-S model is

somewhat narrow and is probably a manifestation of the position of the free edge
due to the overestimation of in-plane shear strain in the M-S model.

Based both on counts of floating point operations and on compute times, the
M-S model is about ten times faster than the FE model, a figure which agrees with
published observations regarding speed comparison between M-S and FE
methods [83, 96]. Our method of counting operations is approximate and neglects
important computing details. For example the number of clock cycles to compute
a floating point addition is not typically the same as for division, and the cost of
“other” (e.g., trigonometric) functions can vary with choice of algorithm used to
implement it. However, the relative proportion of the different categories of
operations is similar between methods, so this relatively simple comparison
should be valid. Likewise, the values for compute time depend on software and
hardware factors, but a bias favoring one method is not apparent. It is important to
note that the speed advantage to the M-S model is based only on the steps to
compute nodal forces due to deformation. If implicit methods are used to solve
the equations of motion, Jacobian matrices must be computed for estimating
future values of the nodal forces. The simplicity of the spring model formulations
makes the computation of the Jacobians considerably simpler too, and it is likely
that this would lead to further speed advantages for the M-S method. In fact, for
the semi-implicit integration methods used for this study, the M-S model was
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typically 20 to 30 times faster than the FE model. However, we were unable to
express the computational difference as a straightforward FLOP comparison due
to the nature of the iterative conjugate gradient solution method and to the
different time step histories produced by the M-S and FE simulation.

It is difficult to determine a maximum value of acceptable error for
simulations in the context of a surgical planning system for heart valves. Valve
repair surgery is not currently based on a quantitative approach that relates
intraoperative valve dimensions to quantitative outcome measures of repair
success. Errors due to the M-S modeling method of less than 1 mm seem small
compared to overall valve dimensions, and are also a fraction of the coaptation
height (overlap) characterizing normal valve closure. Still, many factors
independent of the modeling method introduce uncertainty into patient-specific
models, including mesh geometry and properties of the valve tissue (e.g., material
fiber direction and constitutive behavior, both of which exhibit significant spatial
variability within a given valve as well as between individuals). Any
computational system used for surgical planning would have to undergo thorough
validation to ensure accurate predictive value prior to clinical use.

The M-S and FE models compared here are membrane formulations and are
only valid for structures in which bending stiffness is much smaller than in-plane
stiffness. However, this study is concerned with predicting the configuration of
the closed valve at peak load when the leaflets are operating in the regime where
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in-plane stresses are relatively large - at least an order of magnitude greater than
bending stresses [97, 98]. Another limitation concerns the use of bilinear models
to approximate the constitutive law. These are valid only for the range of stresses
used to compute parameters of the bilinear fit. For example, the exponential
constitutive law presented here would predict continuing increases in membrane
stiffness as stress increases above 50 kPa, but the bilinear functions maintain
constant stiffness at these higher stresses. However, the constitutive law itself is
not valid above that stress level, as it was produced by fits to experimental data
over a similar range of stresses as used here. Another important limitation of the
M-S model is the absence of control of resistance to shear deformation. However,
due to the way that heart valves are loaded and constrained, response to shear
only appears to be important in limited regions close to point-constraints. Thus it
is possible to avoid the computational burden of modeling shear behavior
explicitly without paying a high price in terms of accuracy. In cases where the MS model is used to predict deformation of valves following surgical modification,
consequences of neglecting shear behavior could become more serious for cases
where the repair results in valve anatomy or shear properties that differ
significantly from that of a normal valve.

The anisotropic, nonlinear M-S model described here has been shown to
simulate aortic valve leaflets under pressure load at considerable speed-ups with
respect to an efficient FE membrane model and with only minor difference in the
deformed state of the mesh. This difference in simulation time could enable a
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practical surgical planning system using present computing power. M-S systems
lend themselves to being solved on parallel architectures because of the local
nature of the forces between nodes [84], and several groups have developed
methods for solving M-S systems on the GPU [99-101]. The computational
advantages of M-S models combined with the speed-up of parallel computing
may enable real-time surgical simulation of anisotropic heart valves in the near
future.
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4 Finite element model of aortic valve surgical repair using
grafted pericardium
4.1 Introduction
Aortic valve repair often involves leaflet reconstruction, and a common repair
strategy is to graft a new leaflet created from the patient's own pericardium into
the valve [102]. However, native valve leaflet tissue and treated pericardium
exhibit different mechanical properties, and our clinical experience has shown it
to be difficult to determine the size of the pericardial graft that will form an
adequate seal with the remaining native leaflets when the valve is closed and
loaded.

Computational models of the aortic valve have been used to study both normal
[60, 66, 67, 69, 70, 103] and diseased [61] valves and to evaluate bioprosthetic
[57, 58, 77, 104] valves. They have also been used to study valve repairs,
including aortic root replacement with synthetic grafts [62] and replacement of all
three aortic valve leaflets with fixed pericardium [64].

We use a structural finite element (FE) model of the aortic valve to explore the
effect of pericardial leaflet graft size on the closed, loaded state of the repaired
valve. Leaflets are described by anisotropic, hyperelastic constitutive laws, and
we model all three leaflets in their entirety and resolve leaflet collisions in order
to simulate repair strategies that are asymmetrical with respect to valve geometry
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and leaflet properties. We use the model to explore surgical repair strategies by
simulating valve closure for a range of sizes of the pericardial autograft.

4.2 Methods

4.2.1 Computational mesh of aortic valve
We create a computational mesh of an aortic valve by meshing a planar leaflet
then joining three such leaflets and wrapping them into a cylinder. Leaflet shape
is taken from published studies [105-107]. The curve describing the lower edge of
an excised leaflet lying flat (i.e., the edge that attaches to the aortic root not
including the commissures) takes the form: y=sin2(x)/tan(γ) where γ is 22o after
[106]. Variables x and y are in normalized units relative to the diameter of the
base of the aortic root, and the width of the leaflet is 1.047 in normalized units. In
absolute dimensions, we chose the diameter of the base of the aortic root to be 20
mm, and we use a commissure height of 5 mm based on clinical observations
(Fig. 4.1).
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πd/3
5 mm

Lower edge
Commissure
Free edge
Figure 4.1 The aortic valve leaflet. (A) Photograph of a fresh excised
porcine aortic valve leaflet. (B) Mesh of unstructured triangles in the shape
of a single aortic valve leaflet. Leaflet width is given in terms of d, the
diameter of the cylinder formed by joining three such leaflets at their
commissures and “wrapping” them onto a cylinder.

A planar leaflet is meshed into a given number of triangles by randomly
scattering points on the leaflet, connecting the points using Delaunay
triangulation, then moving interior points in order to equalize triangle side
lengths. Equalization is done by treating all triangle edges as springs, with equal
spring constant and rest length, and solving for the global equilibrium position of
the interior points. Triangulation and equalization are repeated until the mesh
converges to a set of nearly equilateral triangles. Mesh uniformity is quantified by
computing the average quality of all triangles. To quantify triangle quality, we use
a common index [91]:

, where a is the area of the

triangle and si are the lengths of its three sides. Quality equals 1.0 for an
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equilateral triangle, and values below approximately 0.6 are often associated with
diminished accuracy and/or stability for FE analysis. An example of a meshed
leaflet used in this study has mean quality of 0.97, with range of 0.78 to 1.0 (Fig
4.1B).

The lower edges of the valve leaflets, along with the edges at the commissures,
are attached to the aortic root, and the locus of points defining this attachment has
been shown to lie on a cylinder [105, 106]. Accordingly, we create a three-leaflet
valve model by joining three planar leaflets at the commissures and wrapping
them into a cylinder (Fig. 4.2A). We will refer to the diameter of this cylinder as
the diameter of the aortic root, ignoring the sinuses that bulge from the aortic root
behind each leaflet. In this cylindrical mesh, the leaflets are in the unstressed
state, but the cylinder diameter does not necessarily correspond to the unstressed
state of the aortic root, i.e., when trans-aortic pressure is zero. In fact, the sum of
the lengths of the leaflet free edges is known to be greater than the circumference
of the unstressed aortic root (Fig. 4.3). Published data [103], corroborated by our
images of pressurized porcine aortas, show the sum of the leaflet free edges to be
approximately 15% greater than this circumference. Thus, we compute the
diameter of the root at zero pressure as 20 mm/1.15.

62

A

B
d=20 mm

Figure 4.2 Geometry of the aortic valve model. (A) Three leaflets joined at
the commissures and wrapped into a cylinder. (B) Three-leaflet mesh
deformed by dilating the cylinder to which the constrained edges (lower
edges and commissures) of the leaflets are attached.

I simulate aortic valve loading in two steps, first distending the aortic root to its
diameter at 80 mmHg then fixing the nodes where the leaflets attach to the aortic
root and loading the leaflets with 80 mmHg of pressure. Since I am only
interested in the static final loaded state of the valve and I do not consider fluid
flow in the sinuses, I effectively treat the aortic root as a boundary condition for
the leaflets. Rather than meshing the entire aortic root, which would more than
double the size of the mesh and greatly increase computation time, I distend the
aortic root by treating it as an elastic tube with wall thickness and Young’s
modulus taken from published data [60]. To every boundary node I attach a
spring, connected to and perpendicular with the cylinder axis. Spring constants
are computed by equating the spring force with the force due to wall stress in the
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elastic tube for the portion of the tube corresponding to that boundary node. Then,
to determine the positions of the boundary nodes at the start of leaflet
pressurization, equilibrium is found between boundary node forces due to transaortic pressure, those due to the springs representing the elastic aortic root, and
any forces due to leaflet tension that act on the boundary nodes (Fig. 4.2B).
A

B

C

Figure 4.3 Relationship between the unstressed leaflet free edges and the
aortic root diameter for different levels of aortic pressure. Aortic valve
leaflet free edges are shown in gray, and the cylinder describing the
attachment of the leaflets to the aortic root is show as a thin black circle.
Commissure points are shown as black dots. (A) At aortic root pressure of
zero (atmospheric), the sum of the lengths of the leaflet free edges is
greater than the circumference of the aortic root. (B) At aortic root
pressure of 80 mmHg, the sum of the lengths of the leaflet free edges
(unstressed) is less than the circumference of the aortic root. (C) For some
intermediate value of aortic root pressure, the sum of the leaflet free edges
exactly equals the circumference of the aortic root.
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4.2.2 Finite element simulation
Deformation of the mesh subject to uniform pressure loading is simulated and
a static solution for the final deformed state of the valve is sought. While this is
ostensibly a quasi-static analysis, this approach is problematic due to the large
displacements undergone by portions of the mesh, including complex buckling
and self-collision, while undergoing almost no change in strain energy. For this
reason, I simulate the structure dynamically. The mass of the triangular elements
is lumped at the nodes then the dynamics of the system of masses is simulated
using the method described in the Appendix. Pressure loading is simulated by
applying a constant pressure of 80 mmHg to all mesh triangles on their aortic
surface. Simulations are terminated when the incremental displacement of the
middle of a leaflet free edge becomes small (below 10-5 mm).

4.2.3 Contact handling
Complex intra-leaflet folds and inter-leaflet contact can arise as the leaflets
close, so mesh-wide collision detection must be deployed continually during the
simulation, requiring substantial computation. We implemented an efficient, twostep contact handling strategy. First, the large number of possible triangle pair
collisions is dramatically reduced by maintaining a sorted list of axis-aligned
bounding boxes of all triangles [108]. This allows us to check a relatively small
number of triangle pairs that have overlapping bounding boxes for direct triangle
to triangle intersection. If a node of one triangle is found to lie less than some

65

distance, d, in front of the other triangle surface, a contact force is applied to that
node in the direction of the triangle surface. The magnitude of the contact force is
4.5
where fext is the net external force acting on the node, d is the perpendicular
distance between the node and the face of the triangle (with positive values of d
lying on the side toward which the surface normal vector points), and k is the
contact stiffness. Using this method, the reaction force on the node due to contact
with the triangle balances the component of the external force (due to pressure)
driving the node toward the triangle. This prevents interpenetration of colliding
leaflets and produces frictionless contact. The contact force vanishes quickly
outside the collision zone then transitions smoothly to a linear penalty force for
interpenetration, avoiding the high numerical stiffness that would result if the
exponential relationship were extended to negative values of d. For the
simulations presented here, we used k=10 N/m and a collision zone width of 0.1
mm.

4.2.4 Solution method
The semi-implicit numerical integration method used to solve the equations of
motion (Appendix) incorporates adaptive time-step control based on step
doubling [93], using a target truncation error of 1.0e-5 meters. The method of
stabilized biconjugate gradients [94] is used to solve the sparse linear system.
Computation is implemented in the Matlab programming language (Mathworks,
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Natick, MA), with computational bottlenecks, such as collision checking and
computing Jacobian matrices for implicit integration, written in C.

4.2.5 Analysis of valve closure
Effective closure of the aortic valve requires that the leaflets completely
obstruct the aorta to prevent retrograde flow. In addition, there must be
considerable overlap between adjacent closed leaflets during normal heart beats if
the valve is to still close completely during periods of high diastolic pressure (e.g.,
exercise). A normal aortic valve exhibits significant overlap (coaptation) at the
valve center during normal heart beats. To compute the portion of the leaflets
involved in coaptation, the region of contact is computed between adjacent
leaflets by ray casting from one leaflet, finding the distance to the nearest
intersecting triangle on neighboring leaflets, then computing the region of the
leaflet over which this distance is less than some threshold. I chose this distance
to be 0.5 mm – equal to leaflet thickness in my model.

4.3 Results

Simulations of the normal aortic valve, consisting of three identical leaflets
with dimensions and properties of native valve leaflets, produced a symmetrical
closed valve (Fig. 4.4A-B). The coaptation region of each leaflet is approximately
bounded by the free edge, the two commissures, and lines from the bottom of the
commissures to a point along the leaflet midline that lies approximately 3 mm
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below the free edge (Fig. 4.4C). Simulations were run with pericardial leaflet
grafts of varying width (0%, 7%, 14%, 21% and 27% greater than the native
leaflet width) and height (0%, 13%, 27% and 40% greater than the native leaflet
height). Results for two of these cases are shown (Fig. 4.4D-I).
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Figure 4.4 Results of finite element simulations of aortic valve closure.
(A-C) Bottom view, side view with one leaflet cut away, and coaptation
region for simulation of a normal valve loaded with 80 mmHg of pressure,
representing peak diastolic pressure in the aorta. (D-F) Same images as
above but with one normal leaflet replaced with a pericardial graft (shown
in blue) of the same height but 7% wider than the native leaflet. (G-I)
Same images but for graft that is 27% higher and 21% wider than the
native leaflet.
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For each combination of leaflet width and height, the coaptation map for one of
the native leaflets was analyzed to estimate the minimum coaptation height, and
results are presented in graph form (Fig. 4.5). For pericardial leaflet graft height
equal to that of the native leaflet, simulations show that coaptation is small or
incomplete for all graft widths (Fig. 4.5, first point on horizontal axis). Similarly,
for pericardial leaflet graft width equal to that of the native leaflet, coaptation is
small (< 1 mm) for all graft heights (Fig. 4.5, solid dark blue line). As both leaflet
width and height increase, minimum coaptation height increases, reaching a
maximum of 3 mm for grafts 27% higher than native leaflets.
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Figure 4.5 Effect of pericardial leaflet graft width and height on leaflet
coaptation. Graft dimensions are expressed in percent increase relative to the
width and height of the native leaflet.
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4.4 Discussion

The primary goal of this study was to use a FE model of aortic valve leaflets to
inform the repair of the aortic valve using autologous pericardium. Simulating
leaflet grafts in a range of widths and heights showed that the differences in
properties of pericardium and native valve leaflets necessitate that the pericardial
leaflet width and height both be greater than those of the native leaflets in order to
achieve adequate coaptation. Furthermore, simulations reveal a complex
relationship between graft size and effectiveness of the repair. If graft height is
not increased, the leaflet is not able to reach the coapting surfaces of the native
leaflets and instead slides under them for increasing graft widths. This leads to a
central gap in the simulated closed valve corresponding to a central regurgitant jet
in an actual valve. This finding agrees with clinical observations at Children’s
Hospital, Boston. Increases in graft height, in the absence of increases in width,
result in a graft that is too tightly constrained due to inadequate length and high
stiffness along the width dimension. As leaflet width and height are increased
together, coaptation improves, but there is a point beyond which further increases
in width cause coaptation to worsen. Because of the increased height, the graft is
supported at points higher on the commissures than are the native leaflets,
resulting in a larger axial (and smaller radial) component its tethering force. This
causes the excess graft material to slide downward past the coaptation surfaces
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and allows the native leaflets to extend beyond the center of the valve, reducing
their minimum overlap with each other.

The finite element method has been used to predict the effect of pericardial
graft shape on aortic valve function [64]. That study, however, neglected the
nonlinear anisotropic behavior of valve tissue and only simulated replacement of
all three leaflets with identical grafts, limiting the applicability of their results to
axially symmetrical valve repairs. The methods presented in this study allow the
extension of predictive modeling to the clinically important case of single leaflet
replacement and to image based simulations of real valves, where valves are, in
general, asymmetrical with respect to the sizes and shapes of the three leaflets.

My simulations of the closed state of a normal valve depend on the in-plane
behavior of the leaflet tissue, and tissue properties vary considerably among
individuals. To study this effect, I replaced the constitutive law parameters for the
native leaflet tissue with those used in another study [103] that result in greater
leaflet distensibility in both the fiber and cross-fiber directions. I found that I had
to also increase the distensibility of the aortic root to produce normal coaptation,
but using the resulting valve to simulate pericardial graft sizing produced plots of
minimum coaptation height versus graft height and width that showed similar
trends.
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Simulations of the normal aortic valve (three native leaflets) suggested that the
overall pattern of fiber arrangement throughout the leaflet may play a previously
unrecognized role in normal valve function. The pattern of fiber arrangement in a
native leaflet was initially chosen to be parallel to the free edge of the leaflet as is
typically assumed in computation modeling studies of the aortic valve where
orthotropic leaflet behavior is considered. However, using this pattern of fiber
arrangement, simulations of the closed state exhibited poor coaptation and
downward billowing of the leaflet belly compared to experimental observations
and CT scans of normal porcine aortic valves under physiologic pressures. Closer
inspection of isolated porcine aortic valve leaflets revealed large visible bundles
of fibers that on average run at an angle of approximately 25o to the free edge.
Published data collected using small angle light scattering reported a similar
collagen fiber arrangement [10]. After incorporating this fiber arrangement into
the model of the native leaflet, simulations of the closed valve reproduced several
key features of the normal loaded valve including a lack of billowing of the leaflet
belly toward the left ventricle and a more realistic shape of the leaflets where they
coapt in the center of the valve (Fig. 4.7).
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Figure 4.6 (A) Single leaflet of porcine aortic valve floating on a thin layer
of phosphate buffered saline in order to observe its unstressed state. (B)
Preferential fiber direction is approximated as 25o to the free edge in a
pattern that is symmetric about the leaflet midline.

A

B

C

Coaptation
Billow

D

Coaptation

Figure 4.7 (A) Side view looking into one leaflet of closed aortic valve model
produced by simulation in which fiber direction was assumed to be parallel
to the leaflet free edge. (B) Side view of single leaflet from same simulation,
with other two leaflets cut away. (C) Side view looking into one leaflet of
closed aortic valve model produced by simulation in which fiber direction is
approximated as 25o to the leaflet free edge. (D) Side view of single leaflet
from same simulation, with other two leaflets cut away.
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I model the native leaflets and pericardium as membranes, assuming negligible
flexural stiffness. This is supported by data showing bending stresses at least an
order of magnitude smaller than in-plane stresses [97, 98]. I have not assessed the
validity of the membrane assumption for diseased leaflets, which are often
thickened and calcified. In order to study general design principles involved in
constructing pericardial grafts, I have simulated a generic aortic valve design.
However, the human aortic valve can be anatomically asymmetrical, with
considerable variability between individuals. A patient-specific approach using a
medical image based model of the valve should result in a more detailed and
accurate surgical planning tool. My simulator has been designed to read in
unstructured triangular meshes of all three leaflets, so it can easily be adapted to
image-based, patient-specific valve simulation. Future plans include application
of these modeling methods to patient-specific models of AR.
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5 Image based mass-spring model of the mitral valve
5.1 Introduction
Surgical repair of the mitral valve, like the aortic valve, is technically
challenging. A major reason for this is that the valve structures have complex
geometry and material properties, making it difficult for the surgeon to predict
how the valve leaflets will displace and deform in response to a given repair
strategy. A computer-based surgical planning simulator could facilitate valve
repair surgery, but such a system has not been realized. The primary factors
preventing current mitral valve modeling methods from being used for clinical
surgical planning are prohibitively slow computation times and the use of generic
models of leaflets and/or chordae geometry. Generic models have been largely
used due to the difficulty of deriving patient-specific mitral valve geometry from
medical images and the difficulty importing complex image-based valve
geometry into commercial software programs for computational analysis.

Using a generic model of valve geometry for planning mitral valve repair for a
particular patient carries the obvious disadvantage that the patient’s valve might
differ significantly from the generic model. The use of generic models also
presents a problem for validating simulation results. A patient-specific model can
be validated by simulating normal valve closure then directly comparing the
simulated closed state with an image of that individual’s valve in the closed state.
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A generic model, on the other hand, is a theoretical construct, making it
impossible to use direct, image-based validation.

Slow computation presents a significant limitation to present computational
models of the mitral valve. For intra-operative use, simulations must be able to
predict valve function for potential repair strategies quickly so as not to prolong
the time that the patient is on cardiopulmonary bypass. The time constraint on
computation time is not as strict for pre-operative surgical planning, but there is a
limit to how much time a busy surgeon can sit at a computer iteratively running
simulations to test potential repair strategies.

In this chapter, I present a fully image-based model of the mitral valve and use
it, along with the anisotropic M-S method presented in Chapter 3, to simulate the
closed state of the valve under end-systolic pressure. I use this model to explore
the effect of secondary chordae on simulation results and to quantify sensitivity of
simulation results to parameters describing model geometry and mechanical
properties. Finally, I simulate a simple surgical modification – replacing a chord
with a suture and varying its length – and assess the accuracy of simulated results.
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5.2 Methods

5.2.1 Strategy for creating and validating image-based model
A clinical system for building patient-specific models and simulating various
surgical repair strategies was described in Chapter 1 (Fig. 1.1), and the simulation
tools presented in this chapter are designed for such a workflow. However, in
order to acquire carefully controlled datasets that could be used to validate
simulations, a slightly more complicated workflow was used (Fig. 5.1). Valves
were imaged in the open position with the resulting image used to create a mesh
of the open valve. The mesh of the open valve was used in simulation to produce
a mesh of the closed valve. For validation, the same heart was also imaged with
the valve in the closed, loaded position, and the resulting image was used to create
a mesh of the closed valve. The mesh of the closed valve predicted by simulation
could then be directly compared with the mesh created directly from the image of
the closed valve.

Figure 5.1 Developing and validating an image-based model of the mitral
valve.
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5.2.2 Simulated closure of normal valves
Three hearts were explanted from 30-40 kg female Yorkshire pigs and stored
in phosphate-buffered saline. They were imaged within 24 hours using high
resolution computed tomography (MicroCAT, Siemens, Munich, Germany). Low
pressure regulators (T-91, 0-5 psi, Marsh Bellofram, Newell, WV) and pressure
sensors (ASCX05DN, Honeywell, Freeport, Il) were used to statically load the
mitral valve with air at precisely controlled pressures via tubing inserted through
the aorta. Hearts were scanned with applied left ventricular pressures of 0 and 120
mmHg (normal peak systolic pressure), producing grayscale volumetric images
with isotropic voxel size of 100 μm (Fig 5.2).

Images were cropped, segmented and triangulated using custom written
software in Matlab (Mathworks, Natick, MA). The mesh produced from the open
valve was used to define the leaflet surface for simulating valve closure (Fig 5.3).
I used custom written meshing tools to reduce the total number of triangles in the
mesh to 600 – 700. In order to reduce the number of triangles while preserving
high triangle quality, edges were collapsed to maintain approximately six edges
per node, and edges were treated as springs with equal rest lengths throughout the
remeshing.

The open valve mesh was also used to define chordae, specified as the segment
endpoints, where each endpoint is either a node on the mesh, a point of
attachment to a papillary muscle or a point at which chordae branch. The mesh
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A

B

Figure 5.2 Volume rendering of a micro-CT scan of valve 3 under 120 mmHg
of pressure, shown from (A) side view and (B) top view.

produced from the pressurized valve (Fig. 5.4) was used to define the closed
surface of the pressurized valve to be used for comparison with simulations of the
pressurized valve. It was also used to define the annulus and papillary muscle
locations to be used as boundary conditions for the simulated closure as well as to
define details of the chordae network not revealed by the image of the open valve.

A

B

C

Figure 5.3 (A) Surface rendering of a mesh produced from a micro-CT scan
of valve 3 in the open state shown from top view. (B) Mesh from panel A
after remeshing and keeping only triangle on atrial surface of leaflets. (C)
Mesh from panel B shown from side view.
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B

Figure 5.4 Surface rendering of a mesh produced from a micro-CT scan of
valve 3 under 120 mmHg of pressure shown from (A) side view and (B) top
view with dashed line showing coaptation.

Closure of the mitral valve mesh was simulated using the dynamic M-S model
described in Chapter 3. The nonlinear anisotropic behavior of the mitral valve
leaflets was modeled using bilinear functions (Fig. 5.5) that approximate
published stress-strain data for mitral valve leaflet tissue [75] [10]. Specifically,
the Fung exponential constitutive law described in Eqns. 3.1 – 3.2 was also used
for the mitral valve with the following parameter choices: c=9 Pa, A1=80, A2=23,
A3=-3, A4=16, A5=0, A6=0. One bilinear function is used for the preferential fiber
direction, generally corresponding to the circumferential direction in the leaflet,
and the other is for the cross-fiber direction, referred to as the radial direction in
the leaflet. Chordae are modeled as linear elastic rods with constant diameter
supporting tension only, with Young’s modulus taken from published data [31]
(Table 5.1).
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Figure 5.5 Bilinear relationships used to approximate the nonlinear
anisotropic behavior of mitral valve leaflet tissue. The circumferential
direction is the principal fiber direction and runs parallel to the annulus.
The radial direction is perpendicular to the circumferential direction.

Table 5.1 Model parameters used in simulations. Variables are: E=Young’s
modulus, =stretch ratio, =mass density, T=thickness, D=diameter,
PES=end-systolic pressure.
Model Parameter

Value
0.011 MPa
2.3 MPa
1.13
0.0033 MPa
0.76 MPa
1.33
1060 kg/m3
0.001 m
40 MPa
0.0005 m
16 kPa

Efiber direction, pre-transition
Efiber direction, post-transition
critical, fiber direction
Ecross-fiber direction, pre-transition
Ecross-fiber direction, post-transition
critical, cross-fiber direction
leaflet
Tleaflet
Echord
Dchord
PES
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Simulation consists of two parts. First, mesh nodes lying on the valve annulus
are moved from their positions defined by the open mesh to those defined by the
closed mesh, and the positions of the remaining mesh nodes are computed by
solving the system state equation subject to displacement boundary conditions on
the annulus nodes [109]. Next, mesh dynamics were simulated by applying
surface normal forces to the ventricular surface of all mesh triangles
corresponding to the applied left ventricular pressure. Semi-implicit numerical
integration with adaptive time step control was described in Chapter 3, and
contact handling was discussed in Chapter 4. Simulations proceeded until the
mesh converged to its final closed state.

5.2.3 Simulated closure of valve following chord replacement and shortening
One of the three valves used for simulation of normal valve closure was used
to simulate a simple surgical intervention in which a single primary chord on the
posterior leaflet was transected and replaced with size 0 monofilament suture. The
suture was tied to the leaflet at the original point of attachment of the transected
chord then brought through the papillary muscle and LV wall so that its length
could be easily varied. While applying 120 mmHg of air pressure to the LV, the
chord was pulled (shortened) as far as possible without causing a leak, then a CT
scan of the heart was taken and subsequently meshed (Fig 5.6). This chord
shortening procedure was simulated by changing the resting length of the
corresponding primary chord on the posterior leaflet of the open valve mesh and
simulating valve closure.
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A

B

Figure 5.6 Surface rendering of a mesh produced from a micro-CT scan of
valve 3 under 120 mmHg of pressure and with one posterior leaflet chord
replaced with a length of suture. Mesh is shown from (A) side view and (B)
top view, with dashed line showing coaptation.
5.2.4 Image-based validation of simulations
The closed valve meshes produced by simulation were compared with the
meshes produced directly from images of the closed valve by registering and
overlaying the mesh produced by simulation with the atrial surface of the mesh
produced directly from the CT scan of the closed valve. Registration was done
using the iterative closest point method using the points of the meshes lying on
the boundary at the annulus. Meshes are compared by computing the distance
from each node on the simulated closed mesh to the nearest node on the mesh
from the image of the closed valve. The maximum in-plane distance from a point
on the simulated mesh to one on the mesh from the image is less than 0.5 mm.
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5.3 Results

5.3.1 Closed leaflet shape
Valve closure and loading was simulated in less than 25 seconds for each of
the three valves, and image based validation resulted in mean surface-to-surface
error of approximately 0.8 mm for all three valves (Table 5.2). The maximum
surface-to-surface error was 2.4 to 3.0 mm and typically occurred near the line of
coaptation as seen in the error maps (Fig. 5.7). When simulations were repeated
with all secondary chordae omitted, mean and maximum surface-to-surface errors
increased more than two-fold for all three valve models (Table 5.2, last column).
Error maps showed that the maximum surface-to-surface error typically occurred
in the belly of the anterior leaflet (Fig. 5.8), reaching values of approximately 7
mm.

Simulations in which the posterior leaflet primary chord was replaced and
shortened resulted in restricted movement of the portion of the posterior leaflet to
which the chord attached. This was visualized by superimposing the simulated
closed meshes produced before and after the chord length change, then using cutplanes to examine the resulting change in closed leaflet position (Fig. 5.9, A). The
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Table 5.2 Number of triangles, nodes and chord segments comprising the
three valve models, along with the simulation time and mean and maximum
errors in the closed state for simulations with all chords and with primary
chords only. Error is computed as distance from the simulated closed mesh
to the mesh produced directly from the image of the closed valve.
valve
I.D.
1
2
3

A

# of
triangles
655
621
624

# of
nodes
414
406
425

# of
chords
52
53
77

time
(sec)
21.4
20.0
24.8

B

eall (mm)
mean, max
0.8, 2.4
0.8, 3.0
0.8, 2.5

C

epri (mm)
mean, max
1.9, 7.4
2.0, 7.2
1.8, 6.4

3

0
Figure 5.7 Magnitude of error (distance in mm) between closed valve
surface predicted by simulation and closed valve surface from image, for
valves 1 – 3 are shown in panels (A) – (C), respectively. Simulations were
run with all (primary and secondary) chordae.
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A

B

C

6

0
Figure 5.8 Magnitude of error (distance in mm) between closed valve
surface predicted by simulation and closed valve surface from image, for
valves 1 – 3 are shown in panels (A) – (C), respectively. Simulations were
run with primary chordae only. Note change of scale compared to Fig. 5.7.

same was done for the closed meshed produced directly from the CT image
before and after actual chord shortening (Fig. 5.9, B). The effect of chord
shortening in simulation was to pull the posterior leaflet region in the middle of
the valve downward toward the apex of the heart (Fig. 5.9, A, cut-plane 3). This
shifted the coaptation to the right, toward the posterior leaflet. This closely
mimicked the effect seen in the experimental results (Fig. 5.9, B, cut-plane 8).
The change in position of the posterior leaflet shifted the coaptation line toward
the posterior leaflet as seen in the top view of the simulated closed valve (Fig.
5.10, A) compared to the simulation prior to chord shortening (Fig. 5.7, C). Again
the meshes produced directly from the images of the chord shortening experiment
also show a posterior shift in coaptation line in the case with the shortened chord
(Fig. 5.6, B) compared to the case prior to chord shortening (Fig. 5.4, B). Direct
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surface-to-surface comparison of the simulated closed mesh from chord
shortening (Fig. 5.9, A, blue surface) to the image of the closed mesh from
experiment (Fig. 5.9, B, blue surface) showed mean and maximum error
magnitudes of 1.1 and 3.3 mm, respectively (Fig. 5.10, B).

5.3.2 Sensitivity analysis
I conducted a sensitivity analysis to assess the effect of small changes in model
parameters on simulation results. Each parameter that affects either mesh
geometry or material properties was subject to small positive and negative
perturbations, and simulations were run for both cases. The resulting changes in
the mean surface-to-surface error magnitude was measured, and sensitivity was
computed as
5.1

88

A
a5
a4
a5

a3
a4

a2
a3

a1
a2
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b4

b5
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Figure 5.9 (A) Top views of mesh produced from simulations of valve 3
before (red) and after (blue) shortening a posterior leaflet chord using a
suture. Panels a1-a5 show cross sections of the two overlaid meshes, with
the red and blue curves corresponding to meshes before and after chord
shortening, respectively. (B) Top views of mesh produced from image of
valve 3 before (red) and after (blue) shortening a posterior leaflet chord
using a suture. Panels b1-b5 show cross sections of the two overlaid
meshes, with the red and blue curves corresponding to meshes before and
after chord shortening, respectively.
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where y is the mean magnitude of surface-to-surface error in mm, x is a given
model parameter, and S is sensitivity in units of mm per 100% change in model
parameter, x. Model parameter perturbations of ±5% were used, and the resulting
sensitivity values were expressed in the form of a bar graph (Fig. 5.11).
A

B

3

C

0
Figure 5.10 (A) Top view of mesh produced directly from image of closed
valve 3 after experimentally shortening a posterior leaflet chord. (B) Top
view of mesh of valve 3 produced by simulating valve closure after
simulated chord shortening. (C) Magnitude of error (distance in mm)
between closed mesh produced by simulation and mesh produced directly
from closed image.
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Sensitivity (mm)

8
-5%
+5%
4

0
resting chord length

leaflet thickness

*, fiber

*, cross-fiber

E chord

E2, fiber

E1, fiber

E2, cross-fiber

E1, cross-fiber

chord diameter

Figure 5.11 Sensitivity of simulation accuracy to model parameters.
Sensitivity is defined here as the change in mean surface error magnitude (in
mm) divided by the fractional change in model parameter. For this plot, the
input parameters listed on the horizontal axis were varied by negative and
positive 5% (blue and red bars, respectively).

5.3.3 Mesh size analysis
The effect of mesh size on simulation accuracy was assessed by subdividing
the triangles of valve 3 by factors of 4 and 16 and simulating closure. The
simulated closed meshes were superimposed on the mesh produced directly from
the image of the closed valve (Fig. 5.12A, C, and E), and error maps were
produced (Fig. 5.12B, D and F). The mean and maximum errors for the mesh that
was subdivided by 4 were 0.9 and 2.9 mm, respectively, and the mean and
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Figure 5.12. Effect of mesh size on simulation accuracy. Panels (A, C, E):
Meshes of valve 3 in the closed state (pink) are superimposed on the mesh
produced from the image of closed valve surface (shown in green with
triangle edges hidden). Panels (B, D, F): Error expressed as the magnitude
of the distance between the surfaces in mm. Meshes in panels (A-B), (C-D),
and (E-F) contain approximately 625, 2500, and 10000 triangles,
respectively.
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maximum errors for the mesh that were subdivided by 16 were 0.9 and 2.7 mm,
respectively. Simulation times for the meshes that were subdivided by 4 and 16
were 103 and 1240 seconds, respectively.

5.4 Discussion

The aim of this study was to develop a method for producing clinicallyoriented simulations of mitral valve closure for use in planning surgical repair. I
showed that it was possible to take an image of a mitral valve and from it develop
a model that could be used to quickly and accurately predict the closed and loaded
state. Furthermore I showed that method could be used to successfully predict the
effect of a surgical repair technique.

A major requirement guiding the development of the simulation methods was
that the closed and loaded state of the valve be computed quickly through
judicious use of approximation. For the three mitral valve specimens simulated in
this study, the closed, loaded state was computed in less than 30 seconds using an
anisotropic M-S model with efficient contact handling and bilinear approximation
of published material constitutive laws. While the M-S method gains much of its
speed advantage by neglecting to adhere to a true continuum description of tissue,
results of Chapter 3 showed that these approximations result in accurate results
for simulation of pressurized membranes. To justify the extension of the M-S
model to the pressurized mitral valve, we used image-based validation to assess
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accuracy. Another significant approximation is the use of relatively coarse
meshes. However, increasing the number of triangular faces in the mesh did not
improve the accuracy with which the simulated closed surface approximated the
actual closed valve surface. Increasing mesh size slightly improved mesh closure
near the coaptation line, but it also led to slightly more billowing in the leaflet
bellies (Fig. 5.12).

A second requirement guiding the development of simulation methods was that
model geometry be based directly on images of the valve. Despite rapid advances
in medical imaging, it is still not possible to resolve the intricate structures of the
mitral valve, particularly the full chordae network, from clinical images. I chose
to use an experimental imaging method – micro-CT and pressurization with air –
rather than a clinically applicable method in order to develop highly detailed
geometric models that make it possible to assess the importance of various aspects
of model detail for accurate valve simulation. Results suggest that details of the
chordae network are important determinants of the closed valve state predicted by
the model. The sensitivity analysis shows that simulation accuracy is strongly
dependent on the rest lengths of the chordae. In addition, simulations in which
secondary chords were omitted showed very large increases in model error,
corroborating that the chordae strongly influence closed valve shape.

Model results are fairly insensitive to model parameter variation, with changes
in mean surface error of less than one millimeter resulting from a 100% change in
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most model parameters. The only parameters other than resting chord length
exhibiting sensitivity of greater than one mm were the critical stretch ratios used
in the bilinear approximations to the leaflet constitutive law. The critical stretch
ratio represents the deflection at which spring stiffness changes, and for the
parameters used in this study, stiffness jumps by more than two orders of
magnitude at the critical stretch ratio. So increasing one of the critical stretch
ratios by, for example, 25% causes all springs associated with that direction to be
approximately 25% longer when the leaflet is under systolic pressure load. Thus,
it is not surprising that these parameters would strongly influence closed leaflet
shape. It is important to note that some important model features are not easily
parameterized and hence were not included in the sensitivity analysis. For
example, the location of the mitral annulus, which could potentially be difficult to
determine from clinical images, may strongly influence closed valve shape.

Direct, image-based validation is an important part of this study. It provides a
way to assess accuracy of the whole modeling and simulation process from end to
end. This is helpful for this study because of the difficulty in quantifying all of the
potential sources of error individually. These include variability in valve tissue
properties (both in terms of heterogeneity within a valve and between specimens),
errors in extracting valve geometry from images, and errors due to
approximations used by the simulation methods. Only two groups have published
mitral valve models that incorporate image-based models of the leaflets. Wenk et
al developed a FE model of the LV with mitral valve based on MRI images [47].
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Their leaflet model was formed from an image of the valve at the closed state, so
their model leaflet surface was effectively fused at the interleaflet clefts. They
also neglected to model leaflet contact and assumed a generic model of the
chordae network since the chordae could not be seen on the MRI images. Burlina
et al have also presented an image-based model of the mitral valve leaflets based
on 3D ultrasound [48]. They meshed the leaflets in the open state and used
simulation to predict the closed state. They could not discern chordae in the
ultrasound images, so they incorporated tethering forces at selected nodes on the
leaflet free edge and neglected the effects of secondary chordae. They used direct
image-based validation to assess the accuracy of simulations and found an
average discrepancy between closed models and images of closed valves of four
to five mm. Their levels of mean error are five to six times higher than those
achieved in this study, probably due to the combination of lower intrinsic
resolution to their imaging modality and their absence of secondary chordae in
their model.

Although the mitral valve modeling methods presented in this work produce
dynamic simulations, I use only a single state of the valve closing cycle – the state
of the valve under peak systolic pressure load – to assess whether a valve leaks.
One justification for this is that the transvalvular gradient at peak systole
represents the greatest mechanical challenge to valve structures and a worst-case
scenario for inducing a leak. An additional, more clinical justification for this
simplification is that surgeons rely on a passive inflation technique at the end of
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surgery to test the repaired valve by injecting saline under static pressure into the
LV [14]. The assumption that it is sufficient to assess valve function at peak
systolic pressure allows the complex interaction between blood flow and the valve
structures during ventricular filling and ejection to be neglected. Despite
neglecting the effects of blood flow, simulation time between the beginning of
mitral valve closure and the final, fully loaded state was typically about 80 ms,
which agrees with measured values of mitral valve closure time determined by
cardiac ultrasound [110].

It is important to note that during in vivo valve closure, peak systolic pressure
is accompanied by LV contraction and an associated decrease in annulus size. It is
likely that this brings more leaflet surface into approximation when the valve is
closed and facilitates leaflet coaptation. Passive inflation of the LV does the
opposite, thus a valve that closes completely during passive inflation will
probably close with even greater coaptation under in vivo conditions. In this way,
the testing of a valve under passive pressurization represents a more stringent test
of competency than testing under physiological closure.

In the mitral valve, as in the aortic valve, quality of valve closure can be
assessed by the extent of overlap between adjacent leaflets. This could easily be
computed from simulation results, but the two leaflets in the coaptation region
could not be distinguished in the images of the closed valves, making it
impossible for image-based validate of simulations using that metric. This is an
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important issue to be addressed, because coaptation height is a measure with real
clinical relevance. It is possible that a dynamic imaging modality would provide
information to help distinguish the two leaflets by showing the state of the leaflets
immediately before or after they are in contact.

A limitation of this work is that the imaging method used to construct the
models is not clinically applicable. In fact, despite the high level of leaflet and
chordae detail provided by micro-CT under static air loading, it was still difficult
to see the complete chordae network, particularly in commissural regions where
many chord segments attach to the leaflets in close proximity in the closed valve.
These chordae could perhaps be better visualized using an imaging modality with
gated acquisition, which might allow chordae on opposing leaflets to be
distinguished by looking at points in the cycle just before or after complete
closure.

The M-S method used to model leaflet deformation is not a continuum model
and does not provide information on stresses in the leaflets. However, predicting
complete valve shape at closure, not leaflet stress, was the goal of the study.
Currently, surgical repair of the mitral valve is guided by the single criterion that
the valve closes completely. Consideration of stresses is necessarily secondary
because a repair strategy with a theoretically favorable stress profile, but that fails
to close completely, is a failure.
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A final limitation is that the mitral valve models developed in this study were
porcine rather than human valves. The porcine valve was shown to be an
appropriate surrogate for the human valve in a study that showed that valve leaflet
dimensions and chord lengths were not significantly different between human and
porcine valves [49]. In future studies, it may be possible to create models directly
from preoperative clinical images, and, if sufficient details of the actual surgery
can be recorded, the repair could be simulated and validated retrospectively
against postoperative images. However, this approach hinges on the ability to
extract chord anatomy, which I have shown to be important for accurately
simulating the closed state of the valve, from clinical images.

While the mitral valve simulations that I presented were image-based models
developed for the purpose of studying patient-specific valve repair, the simulation
tools could also be used to compare general mitral valve repair strategies. For
example, in the case of mitral regurgitation due to a ruptured chord, simulations
could be used to compare various repair techniques at the surgeon’s disposal –
e.g., chord replacement, chord transfer or leaflet resection – individually or in
combination.
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6 Conclusions and future work
I have developed a modular set of computational tools for simulating the
closure and mechanical loading of heart valves for use in planning heart valve
surgery. This set of tools allows the choice of a fast but approximate method for
intraoperative surgical planning, where very fast simulation is critical, and a more
accurate but slower method for preoperative surgical planning, where time
constraints are not as limiting. The modular nature of these tools allows the same
problem to be analyzed with both methods to quantify how much the
approximations affect relevant information predicted by the simulation. By using
both methods to simulate the loading of the normal aortic valve, I showed that the
M-S model is able to estimate the large displacement and large deformation of
pressurized valve leaflets with high overall accuracy despite local regions of
relatively high error due to the poor ability of the M-S model to estimate the
response to leaflet shear stress.

The specific contribution of this work to simulation methods is that it is the
first to use a M-S model in a demanding biomechanics application. The M-S
model was able to simulate the nonlinear, anisotropic heart valve leaflets with
complex geometry undergoing large deformation and extensive self-contact.
Direct image-based validation, as well as direct comparison with a FE membrane
model, provided two different ways to assess simulation accuracy
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Judicious use of approximation allows computation times to be reduced to
levels that make simulation-based surgical planning feasible using relatively
modest computing power. Perhaps the most significant approximation contained
in my simulations is the M-S model of the mechanical response of valve leaflets. I
showed that a computationally and conceptually simple M-S model could
accurately reproduce the normal stress-strain response of highly anisotropic and
nonlinear tissue. I also quantified the computational advantage to this method
over an efficient FE approach. The M-S method, coupled with a fast implicit
solver and efficient contact handling, was able to simulate the movement of the
valve from the open state to the closed and fully loaded state in less than half of a
minute with sub-millimeter mean accuracy.

The modeling tools presented in this work have proven to be able to address
questions that solve immediate clinical needs. The FE simulations of aortic valve
repair using grafts made of pericardium have provided useful information for
guiding clinical practice. The FE model of the aortic valve has also served as a
tool for discovering principles of normal valve function. When simulations of the
normal aortic valve lacked important physiological features, a reexamination of
model assumptions led to the observation of obliquely oriented fibers in the
leaflets. An understanding of this fiber arrangement could benefit valve repair as
well as the design of bioprosthetic and tissue engineered replacement valves.
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While this work has resulted in tools for bringing patient-specific surgical
planning of heart valve repair closer to clinical use, several important tasks
remain. The first concerns building computational meshes from medical images. I
deliberately chose to use a high resolution, high contrast imaging method in order
to focus primarily on simulation. Work is ongoing in our lab to extract valve
anatomy from 3d ultrasound images resulting in published methods for mitral
valve annulus and leaflet segmentation [111]. Segmentation of chordae, however,
remains an outstanding challenge, and the results of my analysis of chordae
function suggest that chordae imaging must be improved in order to produce
image-based models capable of accurate surgical planning.

Another important extension to the current valve simulation environment is the
development of a proper computer interface for interacting with the valve mesh
for inputting a potential repair strategy. The mitral valve repair that I simulated in
Chapter 5 was a simple repair technique parameterized by a single number – the
new length of a shortened chord – but a surgical planning system must
incorporate a broader range of techniques at the surgeon’s disposal. These include
annuloplasty, leaflet resection, and transfer of chordae and papillary muscles.

In order to broaden the pathologies to which surgical simulation can be
applied, mechanical properties of diseased valves must be considered. The leaflets
of diseased valves can exhibit altered thickness, abnormal in-plane stiffness, and
elevated bending stiffness. The biomechanical testing of these diseased valve
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tissues remains relatively unexplored. The increased bending stiffness which is
likely to accompany several common forms of valve disease presents important
challenges that would require enhancements to the modeling methods used in my
work. Bending springs would have to be added to the M-S model, incurring
additional computational cost. The FE models described here is a membrane
formulation, and does not include enough nodal degrees of freedom to handle
bending. Shell elements would be more appropriate.

The computational approaches used in this work have not utilized parallel
programming strategies. There has been rapid technological growth in both
multiple core central processing units and highly parallel general purpose graphics
processing units. It is likely that valve simulations can be further accelerated
using parallel computing strategies. It is possible that explicit numerical
integrations methods, which I deliberately passed over in favor of implicit
methods, could be as fast or faster due to their inherent suitability for
parallelization. In fact, it might be possible to implement M-S model simulations
at real-time rates, allowing virtual surgery simulations with haptic feedback.
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Appendix
Numerical solution of equations of motion
Dynamics of a membrane represented by a triangulated mesh can be simulated
by lumping the mass of each triangle at the nodes then solving for the dynamics
of the system of masses, which can be expressed in state-space form as
A.1
where x and v are vectors of nodal positions and velocities, respectively, M-1 is the
inverse mass matrix (a diagonal matrix with the reciprocal of nodal mass on the
main diagonal), and f is the vector of net nodal force due to internal, external and
damping forces. Implicit integration was chosen to enable large integration step
sizes [112]. I discretized equation A.1 using a second-order backward-difference
formula as
A.2
where h is the integration time step. The net nodal force at step n+1 depends on
the nodal positions at step n+1 making the set of equations nonlinear. It can be
linearized by replacing f at step n+1 with a first-order Taylor series approximation
A.3
Following a method used in a study simulating the behavior of cloth [81],
equations 3.5 and 3.6 can be combined and expressed as the linear system

A.4
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The Jacobian matrix expressing the partial derivative of the net force vector
with respect to velocity is an N x N block matrix where N is the number of nodes
in the system, and each block is 3 x 3. Neither internal forces (those due to
material deformation) nor those due to applied pressure depend explicitly on
nodal velocity, so their contributions are zero. Only the viscous damping term
depends on nodal velocity, and its partial derivative yields –bI where b is the
damping coefficient and I is the 3N x 3N identity matrix.

The Jacobian matrix expressing the partial derivative of the net force vector
with respect to position is also an N x N block matrix where N is the number of
nodes in the system, and each block is 3 x 3. For a mass-spring model with a
linear spring connecting nodes i and j, elements of the Jacobian are computed as
A.5
and
A.6
where

A.7

For the finite deformation membrane finite element model used in this work, the
Jacobian is given in the paper by Taylor et al that presented the original
formulation of the membrane FE model [92].
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Constraining the boundary nodes
Mesh nodes corresponding to either the annulus of the mitral valve or to the
points where chordae insert into the papillary muscles are treated as zerodisplacement boundary conditions. This constraint is incorporated into the
dynamic simulation by inserting zeros into the inverse mass matrix for each 3 x 3
block along the main diagonal corresponding to the nodes to be constrained. This
effectively makes the mass of those nodes infinite so that they undergo no
acceleration regardless of the forces that act on them [112].
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